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Scheduling

Scheduling

J ={4h,...,J,} set of n jobs of processing time pi,...,p,
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Scheduling

Scheduling

Notation: machines | job properties | optimization criterion
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Scheduling

Scheduling

Plprec, pPj = 1 Crax
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Resource-Constrained Project Scheduling Problem (RCPSP)

o o INPUT:

o a set J of n jobs J; with processing time pj;,

o a precedence graph prec on 7,
e a set R renewable resources,
o for each resource p € R the available amount R,

o for each job j € J the amount res; , <R, of resource p € R used
during its execution.
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o a precedence graph prec on 7,

e a set R renewable resources,

o for each resource p € R the available amount R,

o for each job j € J the amount res; , <R, of resource p € R used

during its execution.

e OUTPUT: a schedule T: 7 — Ny such that:
o for every relation i — j in prec job i finishes before job j starts,
e at any time t at most R, units of each resource p are used,

o makespan Cpnax = maxjc 7 (T(j) + p;) is minimized.
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Resource-Constrained Project Scheduling Problem (RCPSP)

S o INPUT:
o a set J of n jobs J; with processing time pj;,

o a precedence graph prec on 7,

e a set R renewable resources,

o for each resource p € R the available amount R,

o for each job j € J the amount res; , <R, of resource p € R used

during its execution.

e OUTPUT: a schedule T: 7 — Ny such that:

o for every relation i — j in prec job i finishes before job j starts,
e at any time t at most R, units of each resource p are used,

o makespan Cpnax = maxjc 7 (T(j) + p;) is minimized.
o [R| =1, unit p; and res; o: P|prec, pj = 1|Cpax.

o Plprec, pj = 1|Cpax is NP-complete [Ullman, 1975].
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Motivation

| CLASSIC
Parameterized complexity
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Motivation

| CLASSIC

hard

easy

PARAMETERIZED | hard even

with small k

small k
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Going beyond NP-hardness

Parameterized complexity

o Problem P, instance 7.

o P: deterministic time poly(|Z]).

o NP: nondeterministic time poly(|Z]).
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Going beyond NP-hardness

o Problem P, instance 7.
o Parameter k, instance 7 with parameter value < k.
o P: deterministic time poly(|Z]).
o FPT: deterministic (k) - poly(|Z]) time.
o NP: nondeterministic time poly(|Z]).

o para-NP: nondeterministic f(k) - poly(|Z]) time.

Maher Mallem, Claire Hanen, Alix Munier-Kordon PGMODAYS 2025 18 November 2025



Parameterized complexity classes
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Parameterized complexity classes

Parameterized complexity
nondet. f(k) - poly(|Z]) time det. |I\f(k) time
para- NP

XNLP nondet. f(k) - poly(|Z]) time
) - log(|Z]) space

FPT
det. f(k) - poly(|Z]) time
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Parameterized complexity classes

Parameterized complexity

nondet. f(k) - poly(\I|) time det. |I\f(k) time

77777777 /
XNLP nondet. f(k) - poly(|Z]) time
) - log(|Z]) space
77777777777777777 |

|
FPT

det. f(k) - poly(|Z]) time
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Example of parameterized results

Parameterized complexity

o Parameters
o w: width of directed acyclic graph prec,

o A: maximum allowed lag.
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Example of parameterized results

o Parameters
o w: width of directed acyclic graph prec,

o A: maximum allowed lag.

o w: Plprec, pj = 1|Crax is XNLP-complete
[Bodlaender et al., 2022].

o A: Plprec, pj = 1|Cpax is para-NP-complete
[Lenstra et al., 1977].

o w+A: RCPSP isin FPT [van Bevern et al., 2016].
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Example of parameterized results

o Parameters
o w: width of directed acyclic graph prec,

o A: maximum allowed lag.

o w: Plprec, pj = 1|Crax is XNLP-complete
[Bodlaender et al., 2022].

o A: Plprec, pj = 1|Cpax is para-NP-complete
[Lenstra et al., 1977].

o w+A: RCPSP isin FPT [van Bevern et al., 2016].

Objective
Apply this framework to other scheduling problems/parameters.
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Precedence delays

© Precedence delays
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Precedence delays

Defiton o Given a feasible schedule and (i
=
o Exact delay:

= i -
o Minimum delay:

o Maximum delay:

G
=5 )
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Precedence delays

Defniton o Given a feasible schedule and (i
=0
o Exact delay: . u
>4 -
o Minimum delay: n

—~ <l —
o Maximum delay:

G
=5 )

o Notation: prec(¢X) with X € {ex, min, max}.
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Precedence delays

Defniton o Given a feasible schedule and (i
=0
o Exact delay: . u
>4 -
o Minimum delay: n

—~ <l —
o Maximum delay:

G
=5 )

o Notation: prec(¢X) with X € {ex, min, max}.

o Parameter . = maX(iJ)eprec(ei,j)'
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Hardness with bounded precedence delays

o lfchains({¢*),{;; = {, pj = 1|Crnax parameterized
by £max is W[1]-hard.

Parameterized hardness
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Hardness with bounded precedence delays

o lfchains({¢*),{;; = {, pj = 1|Crnax parameterized
by £max is W[1]-hard.

o &> UNARY BIN PACKING parameterized by the number
of bins [Jansen et al., 2013].
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Hardness with bounded precedence delays

o lfchains({¢*),{;; = {, pj = 1|Crnax parameterized
by £max is W[1]-hard.
o &> UNARY BIN PACKING parameterized by the number
of bins [Jansen et al., 2013].

o 1lprec(8?),4;; = {, pj = 1|Crax parameterized
by £max is WIt]-hard for all t € N.
» ¢ k-DIRECTED BANDWIDTH [Bodlaender, 2021].

o 1prec(€™™),{; ; = £, pj = 1|Cax parameterized
by £max + w is XNLP-complete.

o « Plprec, pj = 1|Cpnax parameterized by m + w

[Bodlaender et al., 2022].
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Adding time windows

© Adding time windows
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Time windows, slack o and pathwidth pw

Definition

) B )
[ L) [B) )

Release dates r;, deadlines d.
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Time windows, slack o and pathwidth pw
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Time windows, slack o and pathwidth pw

Maher Mallem, Claire Hanen, Alix Munier-Kordon PGMODAYS 2025 18 November 2025



Time windows, slack o and pathwidth pw

N
w
N

8 9 10 11

*D%%x
S
L)

[Bodlaender and M&hring, 1993] For any interval graph G:

iieiieiiais \alleb” Al R
o e el

e e e e e
—1-------------TO

tw(G)+1=pw(G)+1.
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Time windows, slack o and pathwidth pw

2 3 2 2 2—

8 9 10 11

) w3

o e el

) [

[Bodlaender and M&hring, 1993] For any interval graph G:

>

e e B L

w(G) =x(G) =tw(G)+ 1 = pw(G) + 1.
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Time windows, slack o and pathwidth pw
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Time windows, slack o and pathwidth pw
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Time windows, slack o and pathwidth pw

@

={jed,d<ujuly Uk Uk+l

o Jie Ly = luk,uk1) C lrj, d;): at most pw + 1 such jobs.
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Time windows, slack o and pathwidth pw

[ [ &)

={jeJ,d<uJul, Uk Uk+l

=7

o Jie Ly = luk,uk1) C lrj, d;): at most pw + 1 such jobs.
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)
@ uy = associated release date/deadline value.
o Z, U Ly = set of jobs starting before wuy.
@ State value = minimum makespan among the associated partial

schedules.

Results with slack and
pathwidth
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

@ uy = associated release date/deadline value.
o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.

Results with slack and
pathwidth u

Zik U Ly

< 2PWH1 states
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

@ uy = associated release date/deadline value.
o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.

Results with slack and
pathwidth u

Ukl

Uk
O O
O O
O O
O O
\/

Zk U Ly Ziy1 U Liyr

< 2P%H1 states < 2PYH1 states
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

@ uy = associated release date/deadline value.
o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.

Results with slack and Ul uk ukJrl

pathwidth

O

|
|
|
|
|
:
’value((k +1,Ls41)) = ming, (extend(k, Ly, Lm))\

f

O

v ¥

Zk U Ly Ziy1 U Liyr

< 2P%H1 states < 2PYH1 states
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

@ uy = associated release date/deadline value.

o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.

Results with slack and u]_ uk Uk+1

pathwidth

)
o0

(c..)

\/

Zk U Ly Ziy1 U Liyr

< 2P%H1 states < 2PYH1 states
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Some results with slack o and pathwidth pw

o llprec, rj, dj| Cpax param. by pw is in FPT.

o O((pw + 1)%4P"n + nlog(n)) time [Hanen et al., 2022].

o Plprec, pj = 1, rj, dj|Cax param. by pw is in FPT.

o O(16P" n*) time [Munier Kordon, 2021].
o O(pw2P" mn3) time [Shi et al., 2026].
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Some results with slack o and pathwidth pw

o llprec, rj, dj| Cpax param. by pw is in FPT.

o O((pw + 1)%4P"n + nlog(n)) time [Hanen et al., 2022].
o Plprec, pj = 1, rj, dj|Cax param. by pw is in FPT.
o O(16P" n*) time [Munier Kordon, 2021].

o O(pw2P" mn3) time [Shi et al., 2026].

o P|M;(type), prec, rj, dj|Cmax param. by (pw + o) is in
FPT.

o« O([20(pw + 1)]PW2 n*) time [Hanen and Munier Kordon, 2023]

o What about problems with precedence delays?
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

precedence
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
ith hi
Example: 0 — wit one machine,

3|V| + 2|E| jobs and
e exact delays.

precedence
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

Para-NP-compl
precedence

Vertex chain Cy +————+——+—+——+—+—+—+—+—+—+—4

Vertex chain C;

Vertex chain C,
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

0 3|V 3(IVI+ [ED
N | | | |
| | | |
Vertex chain Cy —+—+—+—+—+—+—+—+—+—+—+—+—+—+—
| | | |
| | | |
| | | |
| | | |
Vertex chain C;, —+—+—+—+—+—+—+—+—+—+—+—+—+—+—+
| | | |
| | | |
| | | |
| | | |
Vertex chain C; —+—————+—+—+——+—+—+—+—+—1
| | | |
| | | |
-
~ W
Color choice Edge Edge

of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

0 3|V 3(IVI+IEI)
| | |
|
Vertex chain C Q e e e S bt —t—+
ertex chain Cy I.O ) K 0 )

|
~ ~ A ———
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.
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0
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o ) D D
|
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|
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

Example: 0

o

o Reduction from 3-COLORING: G = (V, E).
e Scheduling instance

with  one machine,
3V + 2 jobs and

e exact delays.

31vI 3(IVI+I1ED

Vertex chain Cy O t

[

|

|
Vertex chain C;

|

|

|

|
~

i

!
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Plprec((’,”’i"),pj =1,rj,dj|Crax is in FPT w.r.t. (pw + {ax).

Pathwidth plus max delay value
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Future work

o Improve the existing algorithms.

» Dependency on the parameter (fine-grained complexity).
» Kernelization.
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Future work

o Improve the existing algorithms.

» Dependency on the parameter (fine-grained complexity).

o Kernelization.

o Investigate other parameters/scheduling settings.
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