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Resource-Constrained Project Scheduling Problem (RCPSP)

INPUT:
a set J of n jobs Jj with processing time pj ,
a precedence graph prec on J ,
a set R renewable resources,
for each resource ρ ∈ R the available amount Rρ,
for each job j ∈ J the amount resj,ρ ≤ Rρ of resource ρ ∈ R used
during its execution.

OUTPUT: a schedule τ : J → N0 such that:
for every relation i → j in prec job i finishes before job j starts,
at any time t at most Rρ units of each resource ρ are used,
makespan Cmax = maxj∈J (τ(j) + pj ) is minimized.

|R| = 1, unit pj and resj,ρ: P |prec, pj = 1|Cmax .

P |prec, pj = 1|Cmax is NP-complete [Ullman, 1975].
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Going beyond NP-hardness

Problem P, instance I.

Parameter �k, instance I with parameter value ≤ k.

P: deterministic time poly(|I |).

FPT: deterministic f (k) · poly(|I |) time.

NP: nondeterministic time poly(|I |).

para-NP: nondeterministic f (k) · poly(|I |) time.
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Example of parameterized results

Parameters
w : width of directed acyclic graph prec,
λ: maximum allowed lag.

w : P |prec, pj = 1|Cmax is XNLP-complete
[Bodlaender et al., 2022].

λ: P |prec, pj = 1|Cmax is para-NP-complete
[Lenstra et al., 1977].

w + λ: RCPSP is in FPT [van Bevern et al., 2016].

Objective
Apply this framework to other scheduling problems/parameters.
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Precedence delays

Given a feasible schedule and (i `i,j−→ j):

Exact delay: i
= `i ,j j

Minimum delay: i
≥ `i ,j j

Maximum delay: i
≤ `i ,j j

Notation: prec(`X ) with X ∈ {ex ,min,max}.

Parameter `max = max(i ,j)∈prec(`i ,j).
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Hardness with bounded precedence delays

1|chains(`ex), `i ,j = `, pj = 1|Cmax parameterized
by `max is W[1]-hard.

↔ Unary bin packing parameterized by the number
of bins [Jansen et al., 2013].

1|prec(`max), `i ,j = `, pj = 1|Cmax parameterized
by `max is W[t]-hard for all t ∈ N.↔ k-Directed bandwidth [Bodlaender, 2021].

1|prec(`min), `i ,j = `, pj = 1|Cmax parameterized
by `max + w is XNLP-complete.← P |prec, pj = 1|Cmax parameterized by m + w

[Bodlaender et al., 2022].
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Time windows, slack σ and pathwidth pw
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I1

I2 I3

I4 I5

I1

I2 I3

I4 I5

σ = 2

pw = 2

Release dates rj , deadlines dj .

[Bodlaender and Möhring, 1993] For any interval graph G:

ω(G) = χ(G) = tw(G) + 1 = pw(G) + 1.

0 1 2 3 2 2 2 0

J1

J2 J3

J3

J4 J5

uk uk+1{j ∈ J , dj ≤ uk } ⊆= {j ∈ J , dj ≤ uk } ∪ Lk

= Zk
Jj ∈ Lk =⇒ [uk , uk+1) ⊆ [rj , dj): at most pw + 1 such jobs.
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(. . .)

uk uk+1

(. . .)
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≤ 2pw+1 states

[1, n]

value((k + 1, Lk+1)) = minLk (extend(k, Lk , Lk+1))
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Some results with slack σ and pathwidth pw

1|prec, rj , dj |Cmax param. by pw is in FPT.
O((pw + 1)24pwn + n log(n)) time [Hanen et al., 2022].

P |prec, pj = 1, rj , dj |Cmax param. by pw is in FPT.
O(16pwn4) time [Munier Kordon, 2021].
O(pw2pwmn3) time [Shi et al., 2026].

P |Mj(type), prec, rj , dj |Cmax param. by (pw + σ) is in
FPT.

O([2σ(pw + 1)]pw2n4) time [Hanen and Munier Kordon, 2023]

Question
What about problems with precedence delays?
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1|chains(`ex), pj = 1, rj , dj |Cmax with pw ≤ 2 is NP-complete.

Reduction from 3-COLORING: G = (V ,E).
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