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Scheduling

Scheduling problems

J ={J,...,J,} set of n jobs to schedule on m machines.
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Scheduling

Scheduling problems

machines | job properties | optimization criterion
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Scheduling

Scheduling problems

Plprec, pj =1, rjy d;| Cpax
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Scheduling

Scheduling problems

1]rj, d|Cmax is NP-complete [Lenstra et al., 1977].

Plprec, pj = 1, rj, d/|Cpnax is NP-complete [Uliman, 1975].
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Parameterized complexity classes

Scheduling problems

Parameterized problem (P, k):

o parameter k : P — Z%*,
o instance 7 € P such that k(Z) < k € Z™.
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Parameterized complexity classes

Scheduling problems

Parameterized problem (P, k):
o parameter k : P — Z%*,
o instance 7 € P such that k(Z) < k € Z™.
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Pathwidth pw

Pathwidth definition
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Pathwidth pw
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Pathwidth pw
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[Bodlaender and M&hring, 1993] For any interval graph G:
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Pathwidth definition
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Pathwidth pw

Pathwidth definition
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o Jie Ly = luk,uk1) C lrj, d;): at most pw + 1 such jobs.
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Pathwidth pw

Pathwidth definition
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o Jie Ly = luk,uk1) C lrj, d;): at most pw + 1 such jobs.
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

B — @ uy = associated release date/deadline value.
o Z, U Ly = set of jobs starting before wuy.
@ State value = minimum makespan among the associated partial

schedules.
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

B — @ uy = associated release date/deadline value.
o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

B — @ uy = associated release date/deadline value.
o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.
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Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

B — @ uy = associated release date/deadline value.

o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.

uy Uk Ukt1

() |
O

\/

Zk U Ly Ziy1 U Liyr

< 2P%H1 states < 2PYH1 states

Maher Mallem, Claire Hanen, Alix Munier-Kordon Algorithms and Complexity group 6 November 2025



Dynamic programming with pathwidth pw

Dynamic programming state (k, Ly)

@ uy = associated release date/deadline value.

with the pathwidth
o Z, U Ly = set of jobs starting before wuy.

@ State value = minimum makespan among the associated partial
schedules.
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Recap (pathwidth pw)

o 1frj, dj|Crax: in FPT.
Results with the pathict o [Hanen et al., 2022] O((pw + 1)?4P* . n+ nlog(n)) time.

o Plprec, pj =1, rj, dj|Cpax: in FPT.

o [Munier Kordon, 2021] O(16P" - n*) time.
o [Shi et al., 2026] O(pw2P* - mn®) time.

o P2|rj, dj|Cmax: para-NP-complete
[Hanen and Munier Kordon, 2023].
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Recap (pathwidth pw)

o 1frj, dj|Crax: in FPT.
Resls with th pathvidth o [Hanen et al., 2022] O((pw + 1)?4P* . n+ nlog(n)) time.

o Plprec, pj =1, rj, dj|Cpax: in FPT.

o [Munier Kordon, 2021] O(16P" - n*) time.
o [Shi et al., 2026] O(pw2P* - mn®) time.

o P2|rj, dj|Cmax: para-NP-complete
[Hanen and Munier Kordon, 2023].

o FPT membership with smaller parameters?

o (Polynomial) kernelization?

o Other problems in FPT w.r.t. pw?

—_ == =
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Smaller parameters

© Smaller parameters
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Proper level

o Two single machine instances with time windows.

Motivation

J
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Proper level

o Two single machine instances with time windows.
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Proper level

o Two single machine instances with time windows.

Definition: Proper sets and proper level
oVSie I, ={Je T, <r/Nd <dj}

o pl = maxy,ec g [Tl
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Proper level

o Two single machine instances with time windows.

Definition: Proper sets and proper level

o VJie J,Tj={J;j € J,r; < ri/\d; < d;} [Erschler et al., 1985].
o pl = maxy,c 7 |IT;| [Proskurowski and Telle, 1999].
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The “Earliest Deadline first” rule

e “<" = lexicographic order (nondecr. d;, nondecr. r;) on J.

o Renaming the jobs of J in [1, n] accordingly to <.

[Lawler and Moore, 1969] “Earliest Deadline first” rule (ED)
Schedule T follows the (ED) rule if and only if:

V(i,j) € T3 i=j = (i) < (j).
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The “Earliest Deadline first” rule

e “<" = lexicographic order (nondecr. d;, nondecr. r;) on J.

o Renaming the jobs of J in [1, n] accordingly to <.

[Lawler and Moore, 1969] “Earliest Deadline first” rule (ED)

Schedule T follows the (ED) rule if and only if:

V(i,j) € T3 i=j = (i) < (j).
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Relaxing the “Earliest Deadline first” rule

Definition: “weak Earliest Deadline first” rule (wED)

Schedule T follows the (WED) rule if and only if:
V(i,j) € T3i<j =
(1) (/) < (), or

Fixed-parameter algorithm

(2) j €T}, or

(3) Fh < iyx(j) < T(h) < T(1).
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Summits

Definition: Summit
A summit is a job i in J such that: Vj € 7,i ¢ II;.

Fixed-parameter algorithm
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Definition: Summit
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Summit-based schedule enumeration

Let s; < ... < sy be the summits of the instance (N < n).
If a schedule T follows the (WED) rule, then:

(I) T is of the form Tis;...sk Tk+15k+1 ... SN TN+1,
(i) if i < sk then T(i) < T(sk),
(iii) if sy <j and T(j) < T(sk) then j € TT,,.
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Summit-based schedule enumeration

Let s; < ... < sy be the summits of the instance (N < n).
If a schedule T follows the (WED) rule, then:

(I) T is of the form Tis;...sk Tk+15k+1 ... SN TN+1,
(i) if i < sk then T(i) < T(sk),
(iii) if sy <j and T(j) < T(sk) then j € TT,,.

ojc Ly = jc Tl at most pl such jobs ;.
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Recap (smaller parameters)

o Smaller parameters than pw in the interval graph.
(clique-width, twin-width, proper thinness etc.)

Fixed-parameter algorithm

o 1|rj, dj| Crax: para-NP-complete.

o Proper level pl.

o 1r;, dj|Cax: in FPT (O((pl+1)24P' - N+ nlog(n)) time).
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Recap (smaller parameters)

o Smaller parameters than pw in the interval graph.
(clique-width, twin-width, proper thinness etc.)

o 1|rj, dj| Crax: para-NP-complete.

o Proper level pl.

o 1r;, dj|Cax: in FPT (O((pl+1)24P' - N+ nlog(n)) time).
o Plprec, pj =1, rj, djl Cnax: para-NP-complete.

Open problems

o 1]rj, dj|Crmax: smaller parameter than p/?

o Plprec, pj =1, rj, dj|Cpax: smaller parameter than pw?
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Kernelization

© Kernelization
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Kernelization

o Decision problem P.

» Parameter k, instance 7 with parameter value < k.

Kernelization

o P: deterministic poly(|Z]) time.

o FPT: deterministic f (k) - poly(|Z]) time.
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Kernelization

o Decision problem P.

» Parameter k, instance 7 with parameter value < k.

Kernelization

o P: deterministic poly(|Z]) time.

o FPT: deterministic f (k) - poly(|Z]) time.

o Kernelization algorithm: outputs Z' in poly(|Z]) time
such that:

o 7' is a YES instance if and only if Z is a YES instance.
o [Z/| 4+ k(T') < (k) for some computable function f.
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Kernelization

o Decision problem P.

» Parameter k, instance 7 with parameter value < k.

Kernelization

o P: deterministic poly(|Z]) time.

o FPT: deterministic f (k) - poly(|Z]) time.

o Kernelization algorithm: outputs Z' in poly(|Z]) time
such that:

o 7' is a YES instance if and only if Z is a YES instance.
o [Z/| 4+ k(T') < (k) for some computable function f.

o Polynomial kernel: f is polynomial.
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No polynomial kernel w.r.t. pathwidth pw

Proposition

Unless NP C coNP/poly there is no polynomial kernel of
1rj, djl* w.r.t. pathwidth pw.

mposition
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No polynomial kernel w.r.t. pathwidth pw

Proposition

Unless NP C coNP/poly there is no polynomial kernel of
1rj, djl* w.r.t. pathwidth pw.

o Proof: Cross-composition from PARTITION.
o (P1y...,P)— I,
o pw < poly(max;(|Pi|) + log(t)).
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No polynomial kernel w.r.t. pathwidth pw

Proposition

Unless NP C coNP/poly there is no polynomial kernel of
1rj, djl* w.r.t. pathwidth pw.

o Proof: Cross-composition from PARTITION.
o (P1y...,P)— I,
o pw < poly(max;(|Pi|) + log(t)).
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No polynomial kernel w.r.t. pathwidth pw

Proposition

Unless NP C coNP/poly there is no polynomial kernel of
1rj, djl* w.r.t. pathwidth pw.

o Proof: Cross-composition from PARTITION.
o (P1y...,P)— I,
o pw < poly(max;(|Pi|) + log(t)).
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Pathwidth pw and vertex cover number vc
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Polynomial kernel overview

Proposition

1|rj, djl* has a polynomial kernel w.r.t. parameter vc.

Polynomial kernel
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Polynomial kernel overview

Proposition

1|rj, djl* has a polynomial kernel w.r.t. parameter vc.

Instance 7 Instance Z’ Instance Z”
n jobs O(vc?) jobs O(vc?) jobs
size O(n - log(max;(d;))) size O(ve? - log(max;(d;))) size O(vc®)

Polynomial kernel
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Polynomial kernel overview

Proposition

1|rj, djlx has a polynomial kernel w.r.t. parameter vc.

Instance 7 1 Instance Z’ > Instance Z”
n jobs —> O(vc?) jobs — O(vc?) jobs
(AR L] size O(n - log(max;(d;))) size O(ve? - log(max;(d;))) size O(vc®)

o (1) Delete most jobs.

o Use a reduction rule.
o Time O(n?).

o (2) Reduce time values.

o Translate into a binary IP and use a theorem from
[Frank and Tardos, 1987].

o Time O(n'8).
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(1) Viewing non-vertex covering jobs as gaps
[ F]
Vertex
cover VC {[ C]

7ol b
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(1) Viewing non-vertex covering jobs as gaps

cover VC

Vertex E s

vac{ ) [

Polynomial kernel

e J —VC: jobs wi,wa,..., W 7_yc|-
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(1) Viewing non-vertex covering jobs as gaps

Vertex E s

cover VC

gove{@ ) [ () [@)) [w) [w)) [W)

Polynomial kernel
e J —VC: jobs wi,wa,..., W 7_yc|-

o Gap = two consecutive jobs wj, wj;1.
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(1) Viewing non-vertex covering jobs as gaps

Vertex E s

cover VC

gove{@ ) [ (@) [@)) [w) [w)) [W)

Gap

Polynomial kernel
e J —VC: jobs wi,wa,..., W 7_yc|-

o Gap = two consecutive jobs wj, wj;1.

Maher Mallem, Claire Hanen, Alix Munier-Kordon Algorithms and Complexity group 6 November 2025



(1) Viewing non-vertex covering jobs as gaps

Vertex [

cover VC [ - CD

govedi ) [ () [w)) [w) [w)) [w)
u,

Uy Gap Inner gap o+1

Polynomial kernel
e J —VC: jobs wi,wa,..., W 7_yc|-

o Gap = two consecutive jobs wj, wj;1.

o Inner gap: time windows fully included in [uw, Ux+1)-
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(1) Viewing non-vertex covering jobs as gaps

Vertex [

cover VC [ - CD

govedi ) [ () [w)) [ [w [w]) [w)
u

Uy Gap Inner gap

Polynomial kernel
e J —VC: jobs wi,wa,..., W 7_yc|-

o Gap = two consecutive jobs wj, wj;1.

o Inner gap: time windows fully included in [uw, Ux+1)-

o Maximum capacity: w; at the earliest, w;;; at the latest.
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(1) Viewing non-vertex covering jobs as gaps

Polynomial kernel

Vertex [

cover VC [ - CD

govedi ) [ () [w)) [ [w [w]) [w)
u

Uy Gap Inner gap

e J —VC: jobs wi,wa,..., W 7_yc|-

o Gap = two consecutive jobs wj, wj;1.

o Inner gap: time windows fully included in [uw, Ux+1)-

o Maximum capacity: w; at the earliest, w;;; at the latest.

@ VCx = ‘{Jj e Ve, [uoh UD(+1) Cc [rjy dj)}‘

Reduction rule

In each interval [uy, uy+1), only keep the 3vcy inner gaps with highest
maximum capacity.
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(1) Deleting unnecessary inner gaps

Vertex C] C]
cover VC C]

g-ve(e)) [ 0 1)) [ )

Polynomial kernel

Gap wj, Wit1 Gap wj, wj1
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(1) Deleting unnecessary inner gaps

Vertex C] C]
cover VC C]

7o) [ L), Lo [9))

B e o <

Polynomial kernel

Vertex C]
cover VC C]

g-vel) ) [ (wal [w) ) [#n)
——

Image of Image of

8gap wj, Wi+1 8gap wj, Wjt1

y
Gap wj, Wit1 l Gap wj, wj1
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(1) Deleting unnecessary inner gaps

Vertex C] C]
cover VC C]

7o) [ L), Lo [9))

B e o <

Polynomial kernel

Vertex C]
cover VC C]
O(vc?) jobs total

g-vel) ) [ (wal [w) ) [#n)
——

Image of Image of

8gap wj, Wi+1 8gap wj, Wjt1

y
Gap wj, Wit1 l Gap wj, wj1
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(2) Reducing time values

Theorem [Frank and Tardos, 1987]

Let w = (wy,...,wy) be a vector of rational numbers and let N be a positive
integer. Then in time O(d® - (d + log(N))) one can build a vector

w' = (w],...,w]) of positive integers such that:

o w/ < 24 Ndld+2) for all 1 < j < d,
R byreied e o for every x = (xq,...,Xxq) vector of integers such that Z?:l [xi] < N—1:

d d
Z wix; > 0 if and only if Z w!x; > 0.
i=1 i=1
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Polynomial kernel
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(2) Reducing time values

Theorem [Frank and Tardos, 1987]

Let w = (wy,...,wy) be a vector of rational numbers and let N be a positive
integer. Then in time O(d® - (d + log(N))) one can build a vector

w' = (w],...,w]) of positive integers such that:

o w/ < 24 Ndld+2) for all 1 < j < d,
o for every x = (xq,...,Xxq) vector of integers such that Z?:l [xi] < N—1:

d d
Z wix; > 0 if and only if Z w!x; > 0.
i=1 i=1

o [Lasserre and Queyranne, 1992] Binary IP equivalent to 1|rj, dj|*.
Z]’Ll xjij=1forall1<i<n.
Sl xj=1foralll1<j<n.

no i N nodo
Zj;l rj Xiyj + Zy;;l Z,;l pj - Xij < ijl dj - X,
forall1<i <ih<n.

One job per position
One position per job

BIP(): Time window checks
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(2) Reducing time values

Theorem [Frank and Tardos, 1987]

Let w = (wy,...,wy) be a vector of rational numbers and let N be a positive
integer. Then in time O(d® - (d + log(N))) one can build a vector

w' = (w],...,w]) of positive integers such that:

o w/ < 24 Ndld+2) for all 1 < j < d,
R byreied e o for every x = (xq,...,Xxq) vector of integers such that Z?:l [xi] < N—1:

d d
Z wix; > 0 if and only if Z w!x; > 0.
i=1 i=1

o [Lasserre and Queyranne, 1992] Binary IP equivalent to 1|rj, dj|*.

One job per position Zf,l xjj=1forall1<i<n.
One position per job > 7 | x;;=1forall1<;j<n.
Time window checks 3 7, iy + 32, S prexiy < 37 dix

forall1<i <ih<n.

BIP(I) :

o Use the theorem on the intermediate instance with i = O(vc?) jobs.

o d = 3h, W:(plvrladl)"-)pﬁ)rﬁydﬁ)v N =h+3.
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Recap (kernelization)

o Kernels on problem 1|rj, dj|Crpax.

o Pathwidth pw: no polynomial kernel.

o Vertex cover number vc: polynomial kernel.
(O(vc?) jobs, O(vc?) size.)

Polynomial kernel
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Recap (kernelization)

o Kernels on problem 1|rj, dj|Crpax.

o Pathwidth pw: no polynomial kernel.

o Vertex cover number vc: polynomial kernel.
(O(vc?) jobs, O(vc?) size.)

Polynomial kernel

Open problems

o Kernel with O(vc) jobs?
o Polynomial kernel with a smaller parameter than vc?

o Polynomial kernel on Plprec, pj = 1, rj, dj|Crax?
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Adding precedence delays

@ Adding precedence delays
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Precedence delays

o llprec, rj, dj|Cpax: in FPT w.r.t. pathwidth pw.

Definition
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Precedence delays

o llprec, rj, dj|Cpax: in FPT w.r.t. pathwidth pw.

o Given a feasible schedule and (

i
i
o Exact delay:
> Ly -
o Minimum delay:

o Maximum delay:

G
=5

Definition
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Precedence delays

o llprec, rj, dj|Cpax: in FPT w.r.t. pathwidth pw.

o Given a feasible schedule and (

i
o Exact delay:
>4 -
o Minimum delay: n -
—~ <l —
o Maximum delay:

G
=5

Definition

o Notation: prec(¢X) with X € {ex, min, max}.
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Precedence delays

o llprec, rj, dj|Cpax: in FPT w.r.t. pathwidth pw.

o Given a feasible schedule and ( ei—’j>j):

i
o Exact delay:
>4 -
o Minimum delay: n -
—~ <l —
o Maximum delay:

o Notation: prec(¢X) with X € {ex, min, max}.

o [Bodlaender and van der Wegen, 2020]
Llchains(¢X), pj = 1, rc, dcl* with X € {ex, min} is
Wt]-hard parameterized by the thickness for all t > 1 .
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

Para-NP-compl
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
ith hi
Example: 0 — wit one machine,

3|V| + 2|E| jobs and
e exact delays.

Para-NP-compl
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

Vertex chain Cy +————+——+—+——+—+—+—+—+—+—+—4

Para-NP-compl

Vertex chain C; +—+—+—+—+—+——+—+—+—+—+—+—+—+—+

Vertex chain C,
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

0 3|V 3(IVI+1El)
| | | |
| | | |
Vertex chain Cy ——+——+——+—+——+———+————+—1
Para-NP-compl | | | |
| | | |
| | | |
| | | |
| | | |
Vertex chain C;, —+—+—+—+—+—+—+—+—+—+—+—+—+—+—+
| | | |
| | | |
| | | |
| | | |
Vertex chain C; —+—+—+—+—+—+—+—+———+——+—+—]
| | | |
| | | |
-
~ W
Color choice Edge Edge

of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

Para-NP-com

~ ~ W
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

Vertex chain C
Para-NP-completenes: 0 0 1 2 :

~ ~ W
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

Para-NP-com

~ ~ W
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

0 3|V 3(IVI+IEI)
| | |
|
Vertex chain C Q e e e S bt —t—+
Para-NP-com ertex chain 0 I-O ) -0 -0 )

|
~ ~ A ———
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

31vI 3(IVI+I1ED

0

|
@ ‘
Vertex chain Cy — t +—+
|

o ) D D
|

Para-NP-com

—

| | |
Vertex chain C, )—OHH—O—O—[—D—)l—?&—t—D—j—)
| 1 ) 1

Vertex chain C;

|
~ ~ A ———
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

31vI 3(IVI+I1ED

0

|
@ ‘
Vertex chain Cy — ‘ —4
|

o ) o " Jo )

Para-NP-com

g

| | |
Vertex chain C, )—OHH—O—O—[—D%:@#—)
| 1 ) 1

Vertex chain C;

|
~ ~ A ———
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

Example: 0

o

o Reduction from 3-COLORING: G = (V, E).
e Scheduling instance

with  one machine,
3V + 2 jobs and

e exact delays.

31vI 3(IVI+I1ED

Vertex chain Cy O t

[

Para-NP-com

|

|
Vertex chain C;

|

|

|

|
~

i

!
Il il il Il Il Il Il 1 |
)v t t t t t 0 t 0 f t )v
L L |

-DO | ‘

| | |
Vertex chain C, )—0—0—0—0—0—[—%:&:@#—)
| 1 ) 1

~ W
Color choice Edge Edge
of the vertices {01} {02}
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1ichains (L), p; = 1, rj, dj| Cax with pw < 2 is NP-complete.

o Reduction from 3-COLORING: G = (V, E).

e Scheduling instance
with  one  machine,
Example: (0] 7 3V| 4+ 2E] jobs and

e exact delays.

31vI 3(IVI+I1ED

0

|
@ ‘
Vertex chain Cy — t —4
|

o ) [o° " o )

Para-NP-com

—

| | |
Vertex chain C, )—0—0—0—0—0—[—0%:&:@#—)
| 1 ) 1

Vertex chain C;

|
~ ~ A ———
Color choice Edge Edge
of the vertices {01} {02}
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1|chains(€™im), i = 1, 17, dj| Cmax, pw < 2 (gadget)

Vertex chain C;

I

Gadget chain C;;

Para-NP-compl

Gadget chain C;»

!
i

Color choices Closing segment
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1|chains(€™"), p; = 1, rj, dj| Cmax, pw < 2 (gadget)

Vertex chain C;

|
|
o Gadget chain C;; 9—0—” j —3—0—j—>‘
r I
|

Gadget chain C;»

I
:

Color choices Closing segment
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1|chains(€™"), p; = 1, rj, dj| Cmax, pw < 2 (gadget)

Vertex chain C;

|
|
o Gadget chain C;; 9—0—” j —J—O—j—>‘
I I
|

Gadget chain C;»

I
£

Color choices Closing segment
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Para-NP-completeness

1|chains(€™"), p; = 1, rj, dj| Cmax, pw < 2 (gadget)

! S (RN ) ! ‘

Vertex chain C;

Gadget chain C;; Q—O—j

Gadget chain C;»

2 2
| | | |
—_——
Color choices Closing segment
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Para-NP-completeness

1|chains(€™"), p; = 1, rj, dj| Cmax, pw < 2 (gadget)

! S (RN ) ! ‘

Vertex chain C;

Gadget chain C;; Q—O—j

Gadget chain C;»

2 2
| | | |
—_——
Color choices Closing segment
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1|chains(€mi"),pj = 1,1}, dj|Crnax, pw < 2 (full reduction)

@ Reduction from 3-COLORING: G = (V, E).
Example: V ={0, 1,2}, E = ({0,1},{0, 2}).

0 3V 3(|VI+IE]) 3(2lV|+ |E])
| |

‘ ‘
:

Vertex chain Cy Pmpﬂ—doﬂ—jofw
‘

Gadgetchainco‘lt O ) | i [ O )
[

I
| | |
Gadget chain Co, i: Cg | | Q |
I I I
I I I

\

\
! )

Para-NP-completeness Vertex chain Cl

- T

[

)|

Gadget chain Cy1

I
I
I
!
I
Gadget chain Cy» !
I
I
I
|
I

I i i
Gadget chain Cy,1 : : :

| L o [P
Gadget chain Cy | p | |

I I I

| | |

Color choice of the Edge Edge Closing segment
vertices {0' 1 } {0’ 2 }

4}‘1445@
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1|chains(£™m), i = 1, 17, dj| Cmax, pw < 2 (full reduction)

@ Reduction from 3-COLORING: G = (V, E).
Example: V ={0, 1,2}, E = ({0,1},{0, 2}).

0 3|V 3(1VI+ |El) 3(2V| + |E])
| | | | |
|

Vertex chain Cy

0 0 0 0 !
Gadget chain Cp; ‘ O ; | ‘ O |
T I |
Gadget chain Co ‘
adget chain 0‘2[ CQ; [ 9 :
i |
i |

Para-NP-completeness Vertex chain C; - -

I i i
Gadget chain Cy,1 : : :

| L o [P
Gadget chain Cy | on | | 0

I I I

| | |

Color choice of the Edge Edge Closing segment
vertices {0' 1 } {0’ 2 }

4}‘1445’\@
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Plprec((’,”’i"),pj =1,rj,dj|Crax is in FPT w.r.t. (pw + €pnax).

Pathwidth plus max delay value
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Plprec((’,”’i"),pj =1,rj,dj|Crax is in FPT w.rt. (pw + {pax).

Pathwidth plus m
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Plprec((’,”’i"),pj =1,rj,dj|Crax is in FPT w.rt. (pw + {pax).

Pathwidth plus m
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Recap (adding precedence delays)

o P|prec(£X), ;i = 1, rj, dj| Cmax with X € {ex, min}.

o pw: para-NP-complete even with chains on a single
machine.

o (pw + Lmax): in FPT (even on general precedence).

Pathwidth plus max delay value
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Recap (adding precedence delays)

o P|prec(£X), ;i = 1, rj, dj| Cmax with X € {ex, min}.

o pw: para-NP-complete even with chains on a single
machine.

o (pw + Lmax): in FPT (even on general precedence).

o {max: para-NP-complete even with chains
[Mallem et al., 2022].

Pathwidth plus max delay value
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Recap (adding precedence delays)

° Plprec((’,x),pj = 1,1}, dj| Cnax with X € {ex, min}.

o pw: para-NP-complete even with chains on a single
machine.

o (pw + Lmax): in FPT (even on general precedence).

o {max: para-NP-complete even with chains
[Mallem et al., 2022].

Pathwidth plus max delay value

Open problems

© 1|prec(€min)’ Ty dj|CmaX-
o (pW + €pmax): in FPT?
o Lmax: XNLP-hard. Para-NP-complete?
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Postdoc: daily time windows

LIP, Ecole Normale Supérieure de Lyon Nov. 2024 - Auj.

o Topic: Scheduling radio-astronomical observations.
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Postdoc: daily time windows

LIP, Ecole Normale Supérieure de Lyon Nov. 2024 - Auj.

o Topic: Scheduling radio-astronomical observations.

o Partnership with the ECLAT lab (HPC & Al for
astronomy & astrophysics).

o Access to NenuFAR radio-telescope usage data.
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Postdoc: daily time windows

LIP, Ecole Normale Supérieure de Lyon Nov. 2024 - Auj.

o Topic: Scheduling radio-astronomical observations.

o Partnership with the ECLAT lab (HPC & Al for
astronomy & astrophysics).

o Access to NenuFAR radio-telescope usage data.

Day 1 Day 2 Day 3

0 12h 18h L 2L 3L
L | ‘ | | ‘ | | | ‘

\‘[)\“‘\“‘\
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Postdoc: daily time windows

LIP, Ecole Normale Supérieure de Lyon Nov. 2024 - Auj.

o Topic: Scheduling radio-astronomical observations.

o Partnership with the ECLAT lab (HPC & Al for
astronomy & astrophysics).

o Access to NenuFAR radio-telescope usage data.

Day 1 Day 2 Day 3

0 12h 18h L 2L 3L
L | ‘ | L | ‘ |

A D R RO R RO I
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Algorithm 1: main()

> Solving 1|rj, dj| Cmax.
1: preprocessing() > Compute sequence (uy)i1<k<k. Compute associated
job subsets.
20 UKyl & OO
3: Create table T with K columns (1 to K) and 2P*+1 slots in each column
k.
. Initialize T with oo everywhere.
: T[l,w] —0
for k=1to K—1 do
for each (Lk, Lk+1] do
Tlk+ 1, Leyq] « min(TTk + 1, Ley 1], extend(k, Ly, Lis1))
: return T[K, 0]

© o N o g »
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Algorithm 2: extend(k, Lx, Lx11)

- Cmax « max(ug, Tk, Lg])
2: if Cmax = oo then return co
> Ensure that all jobs in Ly with a deadline higher than vy are still in
Lyya
3 if (L — Zk+1) & Lg41 then return oo
> Add jobs to the existing partial schedule.
. mandatory «— Zj1 N{J; € T, luk, ux41) C [rj, dj)}
add « (mandatory U Ly;1) — L
: sort(add, nondecreasing d;)
: for j in add (in order) do
Cmax « Cmax + p;
if Cmax > d; then return oo

© o N o g &

> Ensure that all the added jobs start earlier than wuy 1.
10: last « last job in add.
11: if Cmax — pjast > U1 then return oo

. return Cmax
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Plchains(£¥), pj = 1, rj, dj| Cmax With £pa < 1is

NP-complete.

@ Reduction from 3-COLORING: G = (V, E).

0 Scheduling instance
Example: 0 — with |V| machines and
e exact delays.
6|V 6(1VI+El)

Vertex chain Cy

Vertex chain C;

Vertex chain C,

Fill jobs

Coloring matchings

~
Color choice Edge Edge
of the vertices {0,1} {0,2}
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