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Motivation

Introduction

e From the “My Ph.D. thesis in 180s” session at EDITE day (2023):

Complexité paramétrée et nouveaux schémas

énumeératifs efficaces pour le RCPSP
Maher MALLEM (uips, su) sous la direction de Claire HANEN (upL ; LiPs, sU)

CLASSIC | PARAMETERIZED ﬁard even

with small k
hard small k

easy easy

SORBONNE kl Université
UN|VER5|TE o Paris Nanterre

Maher Mallem, Claire Hanen, Alix Munier-Kordon VERIMAG Seminar 12 June 2025



Ph.D. thesis: scheduling and parameterized complexity

n jobs to schedule on m machines My, ..., M,,.
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Ph.D. thesis: scheduling and parameterized complexity

[ L& J) [s]))
M (%) )

Time windows [rj, d)).
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Ph.D. thesis: scheduling and parameterized complexity

[ L J) [s]))
[J) )

[Lenstra et al. '77] 1-machine with [rj, d)) :
strongly NP-complete.
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Ph.D. thesis: scheduling and parameterized complexity

The Problem

[ L J) [s]))
[J) )
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Ph.D. thesis: scheduling and parameterized complexity

[ L J) [s]))
[J) )

Exact resolution in FPT time:
O(p log(t) 4 - n+ n?).
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Ph.D. thesis: scheduling and parameterized complexity

Exact resolution in FPT time:
O(p? 4% - n+ n?).
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Ph.D. thesis: scheduling and parameterized complexity

Min. delay J; =5 J;: start(J;) > € + end(J;).
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Ph.D. thesis: scheduling and parameterized complexity

Min. delay J; =5 J;: start(J;) > € + end(J;).

Para-NP-hard (NP-hard when p = 3).
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Going beyond NP-hardness

o Problem P, instance 7.

Parameterized Complexity

o P: deterministic time poly(|Z]).

o NP: nondeterministic time poly(|Z]).
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Going beyond NP-hardness

A o Problem P, instance 7.
o Problem (P, k), instance Z, parameter k : P — Np.
o P: deterministic time poly(|Z]).
o FPT: deterministic time f(k(Z)) - poly([Z]).

o NP: nondeterministic time poly(|Z]).

o para-NP: nondeterministic time f(k(Z)) - poly(|Z]).

Fact [Flum, Grohe '06]

(P, k) is para-NP-hard if and only if P is NP-hard for some
fixed value kg of parameter k.
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Precedence delay types

Parameteriz

o Three precedence delay types studied: exact, minimum
and maximum.
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Precedence delay types

Parameterized Complexity

o Three precedence delay types studied: exact, minimum
and maximum.

o If T is a feasible schedule an ( J):

o Exact delay:
o Minimum delay: o

o Maximum delay:
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Outline

Parameterized Hardness

© Parameterized Hardness
o With Unbounded Precedence Delays
o With Bounded Precedence Delays
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Single machine scheduling with precedence delays and fixed
pathwidth p and slack o is NP-hard.

@ Reduction from 3-COLORING: G = (V, E).

With Unbounded Precedence
Delays
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0 Scheduling  instance

With Unbounded Precedence with one machine
Example: 0 — . ;
p 3|V| + 2|E| jobs and

Delays

exact delays.
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With Bounded Precedence
Delays

,
Maher Mallem, Claire Hanen, Alix Munier-Kordon

Example:

Parallel identical machine scheduling with precedence delays

and fixed maximum delay value £,,.x and slack o is NP-hard.

o Reduction from 3-COLORING: G = (V, E).

0 Scheduling instance
0 — with |V| machines and

e exact delays.
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Outline

Dynamic Programming
Approach

© Dynamic Programming Approach
@ Without Precedence Delays
o With Precedence Delays
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Pathwidth p
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Pathwidth p
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Pathwidth p

Without Precedence Delays

L@

={jeJ,d<uyul, Uk Ukl

o Jie Ly = [uk, uks1) C [rj,dj): at most w such jobs.
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Pathwidth p

Without Precedence Delays

[ (4]

={jeJ,d<utuly Uk Uk+l

=27

o Jie Ly = [uk, uks1) C [rj,dj): at most w such jobs.
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Dynamic programming with pathwidth p

Dynamic programming state (k, Ly)
@ uy, = associated release date/deadline value.
@ Z, UL, = set of jobs starting before uy.
@ State value = minimum makespan among the associated partial

schedules.

Without Precedence Delays
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Dynamic programming with pathwidth p

Dynamic programming state (k, Ly)

@ uy, = associated release date/deadline value.

@ Z, UL, = set of jobs starting before uy.

@ State value = minimum makespan among the associated partial
schedules.

u Uk Ukl

Without Precedence Delays | |
( i@

@)

()

{
{000

Z U Ly Ziv1 U Ly

< 2" states < 2M states

Maher Mallem, Claire Hanen, Alix Munier-Kordon VERIMAG Seminar 12 June 2025



Result example

Theorem [Hanen, Mallem, Munier '22]

Without Preced

Single machine scheduling with time windows and

precedence constraints can be solved in time:

O(u? - 4% - n+ n?).
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Parallel identical machine scheduling of unit-time jobs with all
three delay types combined is FPT w.r.t. (1 + £max).

With Precedence Delays
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Parallel identical machine scheduling of unit-time jobs with all
three delay types combined is FPT w.r.t. (1 + £max).

Y

Ok - L) jobs

o Extra requirement: upiq1 — ux < pax.
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Conclusion

Conclusion

o Using parameterized complexity to understand better
what makes scheduling problems difficult.

o Opportunities for new algorithm ideas.

Future work
o Improve the existing algorithms.

o Consider other parameters.
o Width w of the precedence graph.
o Slack o.
o Investigate other scheduling settings with precedence
delays.
» Single machine, unbounded processing times.
o No time windows.
» Bounded chain lengths.
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Parameterized complexity classes

nondet. f(k) - poly(|Z|) time det. \Ilf(k) time

para-NP XP

AN S
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| & f(k) - log(n) space

Conclusion

det. f(k) - poly(|Z|) time
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Parameterized complexity classes

nondet. f(k) - poly(|Z|) time det. \Ilf(k) time

 k-COLORING para-NP Xp
~ 7
XNLP  nondet. f(k) - poly(|Z]) time
| & f(k) - log(n) space
Conclusion ..
77777777777777777 |
| k-DOMINATING SET; W[2]
|
| k-CLIQUE! W(1]
777777777 |
FPT

det. f(k) - poly(|Z|) time
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