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Parameterized complexity in machine scheduling

[Bodlaender, Fellows 1995]

#machines m: P|prec, pj = 1|Cmax is W[2]-hard.

[Mnich, Wiese 2015]

Maximum processing time pmax : P||Cmax ∈ FPT.

[Hermelin, Karhi, Pinedo, Shabtay 2018]

#distinct dj , #distinct pj , #distinct wj : 1||
∑

wj Uj ∈ FPT with two of the
three.
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µ
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= max
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|{j | rj ≤ t < dj }| − 1
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Pathwidth µ (cont.)

Recent work:

[de Weerdt et al. 2020] 1|rj , sjk , reject, d̃j |
∑
j /∈R

vj − wj Tj is FPT

parameterized by (µ+slack).

[Munier-Kordon 2021] P |prec, pj = 1, rj |Lmax is FPT parameterized by µ.
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Pathwidth vs. precedence delays

Delays added to precedence relations: what happens?

If σ is a feasible schedule:
Exact delay `ex

i,j : Ji ≺ Jj =⇒ σ(j) = σ(i) + pi + `ex
i,j

Minimum delay `min
i,j : Ji ≺ Jj =⇒ σ(j) ≥ σ(i) + pi + `min

i,j

Feasibility problem P |prec(`i,j ), pj = 1, rj , dj |?
INPUT: n unit-time jobs Jj with their release date rj and deadline dj , m
identical machines, a precedence graph prec with delays `i,j on its edges.
QUESTION: Is there a feasible schedule σ?

[Bodlaender, van der Wegen 2020]
1|chains(`ex

i,j ), pj = 1, rC , dC |? and 1|chains(`min
i,j ), pj = 1, rC , dC |? with

unary delays are W[t]-hard parameterized by #chains (or thickness) for
all t ≥ 1.

Parameters
Pathwidth µ
Maximum delay `max
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Results

Section Problem Parameter Delays Result Proof

2.1
1|chains(`i,j ), pj = 1, rj , dj |? µ

exact NP-complete
para-NP- when µ = 1

2.2 minimum complete NP-complete
when µ = 2

2.3
P |chains(`i,j ), pj = 1, rj , dj |? `max

exact para-NP- NP-complete

2.4 minimum complete when `max = 1

3. P |prec(`i,j ), pj = 1, rj , dj |? µ + `max

exact
FPT

minimum
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1|chains(`ex
i ,j ), pj = 1, rj , dj |?, parameter µ = 1

Reduction from 3-COLORING: G = (V ,E), n = |V |,m = |E |

Example: V = {0, 1, 2},E = ({0, 1}, {0, 2})
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