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Going beyond NP-hardness

o Single machine scheduling with precedence, release dates and deadlines
o 1lprec, s djlcmax

o 1|prec, rj“—max
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Going beyond NP-hardness

Definftion @ Single machine scheduling with precedence, release dates and deadlines
o 1|prec, rj, dj| Crmax
o 1|prec, rj|Lmax

o Precedence + release dates
o [Lawler 1973] 1|prec, rj|Cpmax is in P.

@ Precedence + deadlines

o [Lawler 1973] 1|prec|Lpmax is in P.

@ Release dates + deadlines

o [Brucker et al. 1977] 1[rj|Lmax is strongly NP-hard.

o 1|r;, dj|x is strongly NP-hard.
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FPT vs para-NP

Definition

o P: deterministic time poly(n)

o NP: nondeterministic time poly(n)
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FPT vs para-NP

Definition

e PCNP

o FPT C para-NP, parameter k

o P: deterministic time poly(n)

o FPT: deterministic time f (k) x poly(n)

o NP: nondeterministic time poly(n)

e para-NP: nondeterministic time f (k) x poly(n)
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FPT vs para-NP

Definition

e PCNP

o FPT C para-NP, parameter k

o P: deterministic time poly(n)

o FPT: deterministic time f (k) x poly(n)

o NP: nondeterministic time poly(n)

e para-NP: nondeterministic time f (k) x poly(n)

e P = NP iff 3k, FPT = para-NP [Flum, Grohe 1998]
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Parameterized example: SAT

First examples

o SATISFIABILITY

o INPUT: a set S of variables, a boolean formula F of size n based on S

QUESTION: 37 :S — {TRUE, FALSE} s.t. F|r = TRUE
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Parameterized example: SAT

First examples

o SATISFIABILITY

o INPUT: a set S of variables, a boolean formula F of size n based on S
QUESTION: 37 :S — {TRUE, FALSE} s.t. F|r = TRUE

o NP-complete

@ Parameterized SATISFIABILITY

o INPUT: a set S of variables, a boolean formula F of size n based on S
PARAMETER: the number k of distinct variables used in F
QUESTION: 37 :S — {TRUE, FALSE} s.t. 7|z = TRUE
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Parameterized example: SAT

First examples

o SATISFIABILITY

o INPUT: a set S of variables, a boolean formula F of size n based on S
QUESTION: 37 :S — {TRUE, FALSE} s.t. F|r = TRUE

o NP-complete

o Parameterized SATISFIABILITY

o INPUT: a set S of variables, a boolean formula F of size n based on S
PARAMETER: the number k of distinct variables used in F
QUESTION: 37 :S — {TRUE, FALSE} s.t. 7|z = TRUE

k

e NP-complete but FPT algorithm in time O (2" x n)
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Parameterized example: P||Cpax

First examples

o Pl|Cmax

o INPUT: n jobs of processing times pi, ..., pn, m parallel machines

OBJECTIVE: minimize Cpax
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OBJECTIVE: minimize Cpax

o [Garey, Johnson 1978] NP-complete
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Parameterized example: P||Cpax

First examples

o Pl|Cmax

o INPUT: n jobs of processing times pi, ..., pn, m parallel machines
OBJECTIVE: minimize Cpax

o [Garey, Johnson 1978] NP-complete

o Parameterized P||Cmax
e INPUT: n jobs of processing times pi1, . .., p,, m parallel machines

PARAMETER: maximum processing time ppmax

OBJECTIVE: minimize Cax

Claire Hanen, Maher Mallem, Alix Munier-Kordon Sorbonne Université, CNRS, LIP6, F-75005 Paris June 14th 2022



Parameterized example: P||Cpax

First examples

o Pl|Cmax

o INPUT: n jobs of processing times pi, ..., pn, m parallel machines
OBJECTIVE: minimize Cpax

o [Garey, Johnson 1978] NP-complete

o Parameterized P||Cmax

e INPUT: n jobs of processing times pi1, . .., p,, m parallel machines
PARAMETER: maximum processing time ppmax
OBJECTIVE: minimize Cax

o [Mnich, Wiese 2015] NP-complete but FPT algorithm in time
f(pmax) X (n+ m)O(l]
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Proving hardness

@ Proving para-NP-hardness
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Proving hardness

@ Proving para-NP-hardness

o Prove NP-hardness for a fixed value of the parameter [Flum, Grohe 1998]
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Proving hardness

Proving hardness
@ Proving para-NP-hardness

o Prove NP-hardness for a fixed value of the parameter [Flum, Grohe 1998]

o W-hierarchy: FPT C W[1] C W[2] C ... C para-NP
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Proving hardness

Proving hardness

@ Proving para-NP-hardness
o Prove NP-hardness for a fixed value of the parameter [Flum, Grohe 1998]
o W-hierarchy: FPT C W[1] C W[2] C ... C para-NP
e WI[1]-complete: k-INDEPENDENT SET, k-CLIQUE

e W[2]-complete: k-DOMINATING SET

o WI[t]-complete, t > 1: WEIGHTED t-NORMALIZED SAT
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Proving hardness

@ Proving para-NP-hardness
o Prove NP-hardness for a fixed value of the parameter [Flum, Grohe 1998]
o W-hierarchy: FPT C W[1] C W[2] C ... C para-NP
e WI[1]-complete: k-INDEPENDENT SET, k-CLIQUE

e W[2]-complete: k-DOMINATING SET

o WI[t]-complete, t > 1: WEIGHTED t-NORMALIZED SAT

e Usually: "W([1]-hard = not FPT"

Claire Hanen, Maher Mallem, Alix Munier-Kordon Sorbonne Université, CNRS, LIP6, F-75005 Paris June 14th 2022



Some scheduling examples

o [Bodlaender, Fellows 1995]

Scheduling examples

o #machines m: P|prec, pj = 1|Cpax is W[2]-hard.
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Some scheduling examples

o [Bodlaender, Fellows 1995]
Scheduling examples

o #machines m: P|prec, pj = 1|Cpax is W[2]-hard.

@ [Mnich, Wiese 2015]

e Maximum processing time pmax: P||Crax € FPT.
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Some scheduling examples

o [Bodlaender, Fellows 1995]

Scheduling examples
| o #machines m: P|prec, pj = 1|Cpax is W[2]-hard.
@ [Mnich, Wiese 2015]

e Maximum processing time pmax: P||Crax € FPT.
@ [Hermelin, Karhi, Pinedo, Shabtay 2018]

o #distinct d;, #distinct p;, #distinct w;: 1[| >~ w;U; € FPT with two of the
three.
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Some scheduling examples

[Bodlaender, Fellows 1995]
Scheduling examples

o #machines m: P|prec, pj = 1|Cpax is W[2]-hard.

@ [Mnich, Wiese 2015]

e Maximum processing time pmax: P||Crax € FPT.

[Hermelin, Karhi, Pinedo, Shabtay 2018]

o #distinct d;, #distinct p;, #distinct w;: 1[| >~ w;U; € FPT with two of the
three.

Release dates + deadlines?

o look for structural properties
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Pathwidth p

Contribution
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Pathwidth p

01112322110
1 2 4 5 6 7

0 3

1 | | I L I I |
F T T T [ T T T

Contribution

Claire Hanen, Maher Mallem, Alix Munier-Kordon Sorbonne Université, CNRS, LIP6, F-75005 Paris June 14th 2022



Pathwidth p
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o 1 2 3 4 5 6 7

1 | | I L I I | I
F T T T [ T T T )x

Contribution

Definition: pathwidth

p  max  jlp<t<d)-1
0<t<max; d;
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Pathwidth p

Contribution

Definition: pathwidth

Hiln<t<dlii-1

ax
0<t<max; d;
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Pathwidth p

Contribution

Definition: pathwidth

Hiln<t<dlii-1

ax
0<t<max; d;

o = Pathwidth of the interval graph induced by the time windows

o Nodes = time windows
o there is an edge if they intersect
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Pathwidth p (cont.)

FPT result

Recent work:

o [de Weerdt et al. 2020] 1|r}, si, reject, d;| 5 v; — 5 w;T; is FPT
J€R J€R
parameterized by (p+slack).

o [Munier-Kordon, Tang 2021] Plprec, pj = 1, rj|Lmax is FPT
parameterized by pathwidth .
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1|prec, rj, dj|Cmax is FPT parameterized by u

@ Dynamic programming algorithm on active schedules

FPT result
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1|prec, rj, dj|Cmax is FPT parameterized by u

@ Dynamic programming algorithm on active schedules

FPT result

us us Us Us U7
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1|prec, rj, dj|Cmax is FPT parameterized by p (cont.)

FPT result
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1|prec, rj, dj|Cmax is FPT parameterized by p (cont.)

FPT result

e FPT algorithm in time O(22" x n?)
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Pathwidth vs. precedence delays

@ Delays added to precedence relations: what happens?

o If o is a feasible schedule:
o Exactdelay /[7: Ji < J; = o(j) = o(i) + pi + [}

Hardness reductions

e Minimum delay l,.'?j": Ji<J = o(j) > o(i)+p+ /,.’:’J{"
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Pathwidth vs. precedence delays

@ Delays added to precedence relations: what happens?

o If o is a feasible schedule:
o Exact delay I7}: J; < Jj = o(j) = o(i) + p; + I

Hardness reductions

e Minimum delay l,.'?j": Ji<J = o(j) > o(i)+p+ /,.’:’J{"

o [Bodlaender, van der Wegen 2020]

l\chams(lex),pj =1, rc,dcl* and l\chams(lrz’"),pj =1, rc,dcl* with
unary delays are W[t]-hard parameterized by #chains (or thickness) for
all t > 1.
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Pathwidth vs. precedence delays

Delays added to precedence relations: what happens?

o If o is a feasible schedule:
o Exact delay I7}: J; < Jj = o(j) = o(i) + p; + I

Hardness reductions

e Minimum delay l,.'?j": Ji<J = o(j) > o(i)+p+ /,.’:’J{"

o [Bodlaender, van der Wegen 2020]
l\chams(lex),pj =1, rc,dcl* and l\chams(lrz’"),pj =1, rc,dcl* with
unary delays are W[t]-hard parameterized by #chains (or thickness) for
all t > 1.

o Feasibility problems
° 1|chains[l,ﬁxj), pj = 1, rj, dj|x parameterized by p
° 1|chains(li’:7j"), pj = 1, rj, dj|x parameterized by pn

Result: para-NP-hardness in both cases
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Pathwidth vs. precedence delays

Delays added to precedence relations: what happens?

o If o is a feasible schedule:
o Exactdelay /[7: Ji < J; = o(j) = o(i) + pi + [}

Hardness reductions

e Minimum delay lm'". Ji<J = o(j) > o(i)+p+ /,.’:’J{"

o [Bodlaender, van der Wegen 2020]
l\chams(lex),pj =1, rc,dcl* and l\chams(lrz’"),pj =1, rc,dcl* with
unary delays are W[t]-hard parameterized by #chains (or thickness) for
all t > 1.

o Feasibility problems
° 1|chains[lsx), pj = 1, rj, dj|x parameterized by p

lmm

e 1|chains(I""), pj = 1, rj, dj|* parameterized by pn

@ Result: para-NP-hardness in both cases
o prove NP-hardness for a fixed value of the parameter [Flum, Grohe 1998]
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Pathwidth vs. precedence delays

Delays added to precedence relations: what happens?

o If o is a feasible schedule:
o Exactdelay /[7: Ji < J; = o(j) = o(i) + pi + [}

Hardness reductions

e Minimum delay lm'". Ji<J = o(j) > o(i)+p+ /,.’:’J{"

o [Bodlaender, van der Wegen 2020]
l\chams(lex),pj =1, rc,dcl* and l\chams(lrz’"),pj =1, rc,dcl* with
unary delays are W[t]-hard parameterized by #chains (or thickness) for
all t > 1.

o Feasibility problems
° 1|chains[lsx), pj = 1, rj, dj|x parameterized by p

lmm

e 1|chains(I""), pj = 1, rj, dj|* parameterized by pn

@ Result: para-NP-hardness in both cases

o prove NP-hardness for a fixed value of the parameter [Flum, Grohe 1998]
o NP-hardness of 1|chains(I7;), pj = 1, rj, djl* with . = 1.

Claire Hanen, Maher Mallem, Alix Munier-Kordon Sorbonne Université, CNRS, LIP6, F-75005 Paris June 14th 2022 11/16



Llchains(I5), pj = 1, rj, djl, pathwidth 1

@ Reduction from 3-COLORING: G = (V,E),n=|V|,m = |E|

Example: V ={0,1,2}, E = ({0,1},{0,2})

0 3n 3(n+m)
e e
Vertex chain Cy ‘[ —t ) : f) )[ : )\

Vertex chain C; -+ :[ b y [ )i
Vertex chain G, R R :[ ::: ) — [ ::J: )
Iy . | | |

Color choice of the n nodes Edge Edge

{01} {02}
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Llchains(I5), pj = 1, rj, djl, pathwidth 1

@ Reduction from 3-COLORING: G = (V,E),n=|V|,m = |E|

Example: V ={0,1,2}, E = ({0,1},{0,2})

0 3n 3(n+m)
] g i
Vertex chain Cy ‘l:O d . ! 2)1 T :l:O d . ! 2)[0 d 1 ! 2):
| I |
Vertex chain C; +——+— 1[ | )1 I [ e )1

Vertexchaianfll:::;[‘ ) — [ )

[ ~- A‘ A‘ )‘
Color choice of the n nodes Edge Edge

{01} {02}
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Llchains(I5), pj = 1, rj, djl, pathwidth 1

@ Reduction from 3-COLORING: G = (V,E),n=|V|,m = |E|

Example: V= {Ov 1) 2}) E= ({O) 1}7 {0» 2})
Hardness reductions

0 3n 3(n+m)

() |
Vertex chain Gy %}12) — Flﬂ%lﬁ

Vertex chain C; -+ 1[0 1 1 i 2)1 —t 3[0 1 . i 2)1

Vertex chain C;  +——+—+—+—+— :[0:1;2);

Color choice ;? the n nodes Edge Edge

{0.1}
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1|chains(/,-'fj’-"”),pj = 1, rj, dj|*, pathwidth 2

3n+m+i+1)
)

+
=
w
)
+
3

+

Hardness reductions 3i 3(i

Vertex chain C;

;

T

Gadget chain Cj;

[

Gadget chain Cj;

]
1
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1|chains(/,-'fj’-"”),pj = 1, rj, dj|*, pathwidth 2
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Hardness reductions 3i 3(i

Vertex chain C;
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T

e

Gadget chain Cj;

o

[

Gadget chain Cj;

]
1
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1|chains(/,-'fj’-"”),pj = 1, rj, dj|*, pathwidth 2
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+

Hardness reductions 3i 3(i

Vertex chain C;

;

—_

;

e

Gadget chain Cj;

o

[

Gadget chain Cj;

]
Q
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1|chains(/,-'fj’-"”),pj = 1, rj, dj|*, pathwidth 2
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1|chains(/,-'fj’-"”),pj = 1, rj, dj|*, pathwidth 2
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1|chains(/,-'fj’-"”), j = 1, rj, dj|*, pathwidth 2 (cont.)

@ Reduction from 3-COLORING: G = (V,E),n=|V|,m = |E|

Example: V ={0,1,2}, E = ({0,1},{0,2})

Vertex chain C,

0 3n 3(n+m) 3(2n+m)
s e | 0 :
Gadget chain G2 [ 3 : : [ 3

(7]

| ' 3 :
Gadget chain G, [ ) [ )
) )

Gadget chain Cy : [

Vertex chain C,

Gadget chain G1 :

Gadget chain Gy [&]
Edge Edge Closing segment

{01} {02}
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1|chains(/,-'fj’-"”), j = 1, rj, dj|*, pathwidth 2 (cont.)

@ Reduction from 3-COLORING: G = (V,E),n=|V|,m = |E|

Example: V ={0,1,2}, E = ({0,1},{0,2})

0 3n 3(n+m) 3(2n+m)
Gadget chain Cy; [ : [ : |
Gadget chain Cy, [ D [ )

Vertex chain C,

(]
]
]

]
]

Gadget chain Cyy 0 ) : [o

Gadget chain Cy : [

Vertex chain C,

! [ d r 1]
Gadget chain Gy 3 b 2): 3 3 b 2):
Gadget chain Gy [0 ) [0 )
{ A A A )

Color choice of the n nodes Edge Edge Closing segment

{01} {02}
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Conclusion

1|prec, rj, dj|Cmax is FPT parameterized by pathwidth p.

Conclusion

1|chains(lf7), pj =1, rj,djlx and 1\chains(ll.’3."”), pj =1, rj, djlx are
para-NP-complete parameterized by pathwidth p.
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Conclusion

1|prec, rj, dj|Cmax is FPT parameterized by pathwidth p.

Conclusion

o [WIP] P2rj, djl* is para-NP-complete parameterized by pathwidth .

1|chains(lf7), pj =1, rj,djlx and 1\chains(ll.’3."”), pj =1, rj, djlx are
para-NP-complete parameterized by pathwidth p.
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Conclusion

1|prec, rj, dj|Cmax is FPT parameterized by pathwidth p.

Conclusion

o [WIP] P2rj, djl* is para-NP-complete parameterized by pathwidth .

1|chains(lf7), pj =1, rj,djlx and 1\chains(ll.’3."”), pj =1, rj, djlx are
para-NP-complete parameterized by pathwidth p.

o Maximum delay /max as a parameter

e hard with parameter /., alone?

o FPT with parameter 1t + /5.7
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Going further

Parameterized complexity of machine
scheduling: 15 open problems

Conclusion
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