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cUPL, Université Paris Nanterre F-92000, Nanterre, France

Abstract

This paper studies the parameterized complexity of single machine scheduling
problems with time windows and precedence delays considering two param-
eters: the pathwidth of the interval graph induced by time windows and the
maximum slack of a job within its time window. Three types of precedence
delays are studied: minimum, maximum and exact. For all three types of
precedence delays we prove that these problems are para-NP-complete pa-
rameterized by the slack and the pathwidth, even for unit-time coupled tasks
with equal delays.

Keywords: parameterized complexity, scheduling, precedence delays,
general precedence

1. Introduction

Since the seventies many studies have been devoted to scheduling prob-
lems on a single processor with different settings and optimization criteria. If
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we just consider decision problems only few problems can be solved in poly-
nomial time - like scheduling unit execution time tasks with time windows
[1] or scheduling tasks with precedence constraints and deadlines [2]. On the
other hand many sequencing problems with simple settings are NP-hard in
the strong sense, especially when time windows are considered [3].

This paper addresses the feasibility check of single machine scheduling
with time windows and precedence constraints with delays. We are given a
set of tasks T . Each task j ∈ T is characterized by a processing time pj and a
time window [rj, dj) in which it should be scheduled. A nonnegative delay ℓa
is attached to each precedence constraint a between two tasks i and j. Three
types of delays are considered. In the case of minimum delays, the difference
between the starting time of j and the completion time of i must not be less
than ℓa ; in the case of maximum delays, this difference must be not greater
than ℓa ; for exact delays this difference must be exactly equal to ℓa. Such
kinds of precedence constraints, sometimes called “generalized precedence
constraints” in the literature [4] have many applications - e.g. representing
product shelf life in the case of maximum delays or instruction scheduling
on pipelined processors in the case of minimum delays [5]. Notice that the
complexity of problems with maximum delays is usually less studied than
with minimum and exact delays.

In particular we focus on the coupled-task setting. A coupled task is a
triplet (aj, ℓj, bj) where aj and bj are two tasks linked by a precedence relation
with delay value ℓj from the former to the latter, and with no other task linked
to aj or bj in the precedence graph. In this setting and with no time windows,
Yu et al. showed that scheduling unit-time tasks on a single machine is
strongly NP-complete for exact and minimum delays [6]. See the recent works
by Chen and Zhang [7] and Khatami et al.[8] for a survey of complexity results
for coupled tasks with exact delays. Note that coupled-task scheduling on a
single machine is essentially equivalent to the two-machine flow shop setting.
With minimum delays, Yu notably showed strong NP-completeness with two
different values among the delays given in the input, and where both tasks of
each coupled task have equal processing time [9]. Since this problem becomes
polynomial-time solvable in the special cases of either unit processing times
or equal-length delays [9, 10], this highlights the role of both the range of
task processing times and the number of delay lengths in the difficulty of the
problem.

With this in mind, we propose not only to investigate NP-completeness
but also carry out a parameterized complexity analysis of the coupled-task
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setting. Several parameters have already been considered for more general
scheduling problems, notably the maximum processing time pmax [11] or the
width of the precedence graph [12]. For instance van Bevern et al. proved
that the problem of scheduling a precedence graph on two machines with task
processing times in {1, 2} is W[2]-hard with respect to the width [12]. In the
same paper, they introduced an additional parameter λ that measures the
maximum allowed lag of a task with respect to its earliest start time (ignoring
resource constraints). They proved that the Resource-Constrained Project
Scheduling Problem (RCPSP) is fixed-parameter tractable parameterized by
both the allowed lag and the width. Considering precedence delays the work
of Bessy and Giroudeau [13] studies coupled tasks with due dates, a compat-
ibility graph and a common deadline on a single machine. Their consider the
number of tasks ending before their due date as parameter. They established
W[1]-hardness for this problem and developed a fixed-parameter algorithm
when the maximum duration of a task (i.e. the processing time of the two
tasks plus their delay) is bounded.

In the presence of time windows, little is known about the parameterized
complexity of coupled-task scheduling. Since coupled tasks can be interpreted
as chains of precedence relations of length one, one can take inspiration from
the existing results on chain-like precedence constraints. In this setting,
Bodlaender and van der Wegen addressed single-machine scheduling where
the time windows are expressed on the chains instead of the tasks individu-
ally [14]. Then the width of the precedence graph corresponds to the number
of chains. On top this parameter, they considered the thickness, which cor-
responds to the maximum number of overlapping chain time windows. They
proved that the problem with exact delays given in unary is W[1]-complete
with respect to the number of chains, W[t]-hard for all t ≥ 1 with respect to
the thickness, and in XP with respect to either parameter. With minimum
delays given in unary, the problem is W[1]-hard and in XP with respect to
either parameter. Finally, with minimum delays given in binary, they showed
XP membership with respect to the number of chains.

When time windows are tied to the tasks individually instead of the
chains, two parameters have been introduced in the literature, in line with
thickness and allowed lag. The pathwidth µ is the maximum number of over-
lapping time windows minus one. The slack σ is the maximum slack (dj −
rj − pj) of a task j within its time window - i.e. the maximum number of
starting times minus one. On parallel identical machines, Munier developed
a fixed-parameter algorithm for the decision problem of scheduling unit exe-
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cution time tasks with precedence constraints and time windows [15]. With
tasks of arbitrary execution time, fixed-parameter algorithms with both cou-
ples of parameters “slack and pathwidth” and “maximum processing time
and pathwidth” were proposed [16]. On a single processor, scheduling chains
of unit execution time tasks with minimum or exact delays was proved to be
fixed-parameter tractable if no precedence delays are assumed [17], whereas
A Baart et al. [18] proposed a fixed-parameter algorithm with parameters
slack and pathwidth for a problem with sequence-dependent setup times and
task rejection criteria.

When precedence delays are considered on top of task time windows, un-
like in [14], no XP algorithm is currently known with respect to parameter
couple “slack and pathwidth” on single machine scheduling with chains of
unit-time tasks. In fact, with minimum or exact delays, this problem was
recently proved to be para-NP-complete with respect to pathwidth µ, essen-
tially ruling out any XP algorithm for this problem - unless P = NP [19].
The proposed hardness reduction had slack two, which also showed para-NP-
completeness.

Now, it must be noted that this reduction heavily relied on the fact that
both the chain lengths and the number of delay values were unbounded.
In this paper, we show that these properties are not pivotal in yielding the
hardness of single machine scheduling with task time windows and precedence
delays. We do so by proving para-NP-completeness with respect to parameter
couple “slack and pathwidth” even in the case of unit-time coupled tasks with
equal-length delays.

The paper is structured as follows. In Section 2 we present our notations,
parameters pathwidth µ and slack σ, and the relation between them in the
single machine setting. In Section 3 we show that with minimum or maximum
delays, considering coupled tasks is equivalent to allowing chains of length
lower than or equal to one. Then in Section 4 we describe the gadgets used in
all the reductions and we outline the main ideas. In Section 5 (resp. Section 6,
Section 7) we use these gadget ideas to show that scheduling coupled tasks
with equal precedence delays and unit execution time on a single machine
with minimum (resp. maximum, exact) delays is para-NP-hard with respect
to the slack, and thus the pathwidth. Finally in Section 8 we draw some
perspectives.
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2. Problem setting and parameters

In this section we first give some definitions and notations for scheduling
with precedence delays and time windows. Then, we define the parameters
we consider and establish a relation between two of them, which gives a first
insight on the parameterized complexity of our problem. Then we define
coupled tasks and state the main result of the paper, that will be proved in
the next sections.

2.1. Definitions

In this paper we study the problem denoted by 1|prec(ℓi,j), rj, dj|⋆ in the
standard notation of Graham [20]. An instance of this problem is charac-
terized by a set T of n tasks. Each task j in T has a processing time pj,
a release date rj and a deadline dj. These parameters may be also denoted
by p(J), r(J), d(J) when the task J has a long name. Moreover we consider
an acyclic precedence graph prec representing precedence relations between
the tasks in T . Each arc a = (i, j) in prec is valued by a nonnegative inte-
ger ℓi,j. A schedule s defines for each task j a starting time s(j) such that
rj ≤ s(j) ≤ dj − pj and for any arc a = (i, j) in prec:

minimum delays: s(j) ≥ s(i) + pi + ℓi,j

maximum delays: s(i) + pi ≤ s(j) ≤ s(i) + pi + ℓi,j

exact delays: s(j) = s(i) + pi + ℓi,j

When a unique type of delays is considered, a superscript min, max or ex
is indicated in the problem definition. For example, 1|prec(ℓmax

i,j ), rj, dj|⋆
describes the problem with only maximum delays.

Considering an instance of 1|prec(ℓi,j), rj, dj|⋆ we define our two param-
eters:

Definition 1. The pathwidth µ and the slack σare defined as follows:

• µ = maxt≥0 |{j ∈ T , rj ≤ t < dj}| − 1,

• σ = maxj∈T dj − rj − pj.
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2.2. Slack vs pathwidth

In this section we show a relation between both parameters in feasible
schedules.

Theorem 1. [21] If a single machine scheduling instance with time windows
is feasible, then µ ≤ 2σ.

Proof. Let j be a task. By the definition of slack σ: rj ≥ dj − pj − σ and
dj ≤ rj + pj + σ. Let t be a time slot. If t is part of interval [rj, dj) then
rj ≤ t < dj. Then by using both inequalities on the definition of slack σ we
get: rj > t− pj − σ and dj ≤ t+ pj + σ.

This means that whenever task j is scheduled, pj consecutive time slots
will be taken by j in time interval [t− σ − pj + 1, t+ σ + pj). Thus at least
one time unit will be taken by j in time interval [t− σ, t+ σ + 1). Since we
only have one machine, this means that at most 2σ + 1 tasks can have t be
a part of their time window [rj, dj) in any feasible schedule of this instance.
This yields the wanted inequality: µ ≤ 2σ.

2.3. Direct implication to parameter σ

In previous studies [17] we defined fixed-parameter algorithms on single
machine problems with parameter pathwidth. It follows from Theorem 1
that these results transfer to slack instead of pathwidth.

Corollary 1. (1|prec, rj, dj|Lmax is fixed-parameter tractable parameterized
by σ.

We see that the slack is a powerful parameter that gives a fixed-parameter
algorithm for precedence relations without delays. It is thus interesting to
address the complexity of the problem with precedence delays parameterized
by slack σ.

2.4. Coupled tasks

A coupled task is a set of two tasks {j, j′} linked by an arc of the prece-
dence graph with delay ℓ. So a coupled task is usually described by a triplet
(j, ℓ, j′). In scheduling problems with coupled tasks we assume that each
task has its time window and that no precedence constraint exists between
tasks from different coupled tasks. This represents a minimal setting for
precedence relations with delays.
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Here we consider that all tasks have a unit execution time and all the
precedence delays are equal to a single value ℓ. The problem is then denoted
by 1|(1, ℓ, 1), rj, dj|⋆. We define Pmin (resp. Pmax,Pex), to be the problem
1|(1, ℓ, 1), rj, dj|⋆ with only minimum (resp. maximum, exact) delays. In
this paper we prove that, even with this very simple setting, parameter σ is
unlikely to give a FPT algorithm for these three problems.

Theorem 2. Problems Pmin,Pmax and Pex are para-NP-complete parame-
terized by slack σ.

The proof of the theorem is developed in the next sections. In Section 3
we show that with minimum or maximum delays, considering coupled tasks
is equivalent to allowing chains of length lower than or equal to one. Then in
Section 4 we describe the gadgets used in all the reductions and we outline the
main ideas. Section 5 gives the detailed reduction and proofs for minimum
delays. The reductions for maximum and exact delays are then presented in
sections 6 and 7 to complete the proof of Theorem 2.

3. Problem relaxation

In this section we show that adding isolated tasks to coupled task in-
stances does not impact the problem difficulty for minimum and maximum
delays.We do so while preserving the slack value.

With minimum delays we set:

P ′
min = 1|chains(ℓmin, len ≤ 1), ℓi,j = ℓ, pj = 1, rj, dj| ⋆ .

Lemma 1. P ′
min can be reduced to Pmin while keeping the same slack.

Proof. Given an instance I of problem P ′
min, we build an instance I ′ of prob-

lem Pmin by coupling a new task to every isolated task in I. Let D be the
maximum deadline in instance I. We define L = max(ℓ+1, D). We put our
new tasks in time segment [L, 2L). For each isolated task j in I, we set a
coupled task (j, ℓ, j′) in I ′ where rj′ = rj + L and dj′ = dj + L. Then I ′ has
indeed the same slack as I.

We show that I is feasible if and only if I ′ is feasible. I ′ is the same as
I but with extra tasks, so the indirect implication is straightforward. Now
suppose I has a feasible schedule S. We propose schedule S ′ which mimics
S on the tasks that were in I, and for all isolated tasks j extra task j′ is
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scheduled at time S(j) + L. We show that S ′ is valid. Time segment [0, L)
is a replica of valid schedule S, so no problem there. Next in time segment
[L, 2L) we only have the extra tasks from the isolated tasks in I. As a result it
is a copy of time segment [0, L) but with potentially less tasks. So a problem
could only come from one of the added delays. But the offset L between a
former isolated task and its extra task is larger than delay ℓ, so there is no
issue in time segment [L, 2L) either. Thus S ′ is a valid schedule of I ′.

With maximum delays we will also add extra tasks to be coupled with
the isolated tasks. Except we need an extra assumption on the task time
windows to complete the reduction. We define P ′

max as problem:

1|chains(ℓmax, len ≤ 1), ℓi,j = ℓ, pj = 1, rj, dj|⋆

restricted to instances where for every task j there is an integer k such that
time window [rj, dj) is included in interval Θk = [kℓ, (k + 1)ℓ). We then say
that task j is in Θk.

Lemma 2. P ′
max can be reduced to Pmax while keeping the same slack.

Proof. Given an instance I of problem P ′
max, let D be the maximum deadline

in instance I. We define L = max(ℓ + 1, D). We build an instance I ′ of
problem Pmax with time span L′ = 2L and where all coupled tasks will have
the same delay ℓ′ = 2ℓ. For every integer k in [0, L

ℓ
) we associate interval

Θk = [kℓ, (k + 1)ℓ) in I with interval Θ′
k = [kℓ′, (k + 1)ℓ′) as follows.

Let j be a task of I in Θk. So, rj = kℓ+ ρj, dj = kℓ+ δj. Instance I
′ also

contains task j, with r′j = kℓ′ + ρj, d
′
j = kℓ′ + δj, so that its time window is

included in [kℓ′, kℓ′ + ℓ). Moreover, if j is an isolated task, we define a new
task j′ to make (j, ℓ′, j′) a coupled task in I ′. The time window of j′ is the
one of j with an offset ℓ: r′j′ = r′j + ℓ, d′j′ = d′j + ℓ. It is thus included in the
right part [kℓ′ + l, (k + 1)ℓ′) of interval Θ′

k.
We show that I is feasible if and only if I ′ is feasible. Suppose I has a

feasible schedule S. We propose schedule S ′ which mimics S on the tasks
that were in I. If S(j) = kℓ + t, 0 ≤ t < ℓ then we set S ′(j) = kℓ′ + t. And
for any isolated task j of I, its associated new task j′ is scheduled at time
S ′(j) + ℓ.

We show that S ′ is valid. Consider the machine constraint: as in S ′ the
interval [kℓ′, kℓ′ + ℓ) is a copy of interval [kℓ, (k + 1)ℓ) in S the machine
constraint is still satisfied. The new tasks of Θ′

k can only interfere with other
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new tasks. Their schedule is a copy of S ′ for tasks of Θ′
k so no resource conflict

can occur either. Consider now the precedence constraints. Let (i, ℓ, j) be a
coupled task of I with i in Θk. Notice that, due to maximum delay ℓ, j is
either in Θk or in Θk+1. So either S ′(j)−S ′(i)− 1 = S(j)−S(i)− 1 ≤ ℓ ≤ ℓ′

or S ′(j) − S ′(i) − 1 = S(j) − S(i) − 1 + ℓ ≤ 2ℓ = ℓ′. If now j is an isolated
task of I in I ′ its successor j′ is scheduled at S ′(j) + ℓ ≤ S ′(j) + 1 + ℓ′, so
that the precedence constraint is met.

Now suppose I ′ has a feasible schedule S ′. We propose schedule S which
mimics S ′ on the tasks that were in I. If S ′(j) = kℓ′+t(j), 0 ≤ t(j) < ℓ′ with j
a task from I then we set S(j) = kℓ+t(j). We show that S ′ is valid. Schedule
S is a copy of schedule S ′ in interval [kℓ′, kℓ′+ ℓ). So no resource conflict can
occur. If (i, l, j) is a coupled task with i, j ∈ Θk then S(j)− S(i)− 1 ≤ ℓ. If
i ∈ Θk, j ∈ Θk+1 then S ′(j)− S ′(i)− 1 = (k + 1)ℓ′ + t(j)− kℓ′ − t(i)− 1 =
ℓ′+ t(j)− t(i)− 1 ≤ ℓ′, so that S(j)−S(i)− 1 = ℓ+ t(j)− t(i)− 1 ≤ ℓ. Thus
S is a valid schedule of I.

4. Gadgets and reduction baseline

This section first describes the gadgets and the properties which will be
used in all the reductions used in the proof of Theorem 2. Then we outline
the structure of the reductions developed in the next sections.

4.1. Switches and redirects

Definition 2. We say that a task is left (resp. right)-shifted when it is
scheduled at its release time (resp. its deadline minus one).

Definition 3. A switch is a task τ such that in any feasible schedule of the
instance, τ is either left-shifted or right-shifted. In other words, τ must be
scheduled either at time rτ - it is then said to be OFF - or at time dτ − 1 -
it is then said to be ON.

Switches are the base mechanism to propagate information across the
created scheduling instances. As it is shown in Figure 1 the most straightfor-
ward to make a switch τ is to have exactly dτ −rτ −2 other tasks which must
be performed within interval [rτ + 1, dτ − 1). In our figures, for each task,
we put a dashed area in its time window to represent the set of inaccessible
start times for it in any feasible schedule.

Now, notice that we can combine several switches and have a similar
behavior as one switch.
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. . .

. . .

τ

Other
tasks

Switch

Figure 1: A switch τ in ON position.

τ1

τ2

τ3

L

Figure 2: A LongSwitch L with 3 switches, r(L) = 0, d(L) = 12. Dashed areas indicate
task positions which are not available in any feasible schedule.

Definition 4. A LongSwitch is a sequence τ1, . . . , τp of switches such that:
∀j ∈ {2, . . . , p}, r(τj) = d(τj−1)− 1.

A LongSwitch example is given in Figure 2. If L is a LongSwitch, we will
denote by r(L) the release time of its first switch, and by d(L) the deadline
of its last switch. Accordingly to the following lemma, if all switches of a
LongSwitch are ON (resp. OFF ), we say by extension that the LongSwitch
is ON (resp. OFF ).

Lemma 3. In any feasible schedule: (i) if the first switch of a LongSwitch
L is ON , then all switches in L must be on ON ; (ii) if the last switch of L
is OFF , then all switches in L must be OFF .

We now define a gadget which will be used to propagate some information
in the reverse order as switches.

Definition 5. A left (resp. right) redirect is a coupled task (τ, ℓ, τ ′) such
that:

• its left half τ (resp. its right half τ ′) is a switch,

• rτ ′ − rτ = dτ ′ − dτ = ℓ+ 1.
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τ ≥ ℓ τ ′

Right
Redirect

= (ℓ+ 1)

τ ≥ ℓ τ ′

Left
Redirect

= (ℓ+ 1)

Figure 3: Left and right redirects with minimum delays.

Figure 3 illustrates redirects in the case of minimum delays. We deduce
from the definitions of a switch, left and right redirects the two following
lemmas:

Lemma 4. Suppose we have a feasible schedule. If (τ, ℓ, τ ′) is a redirect with
a minimum (or exact) delay then:

• in the case of a right redirect: if τ is not scheduled at its release date
then τ ′ must be ON . Conversely if τ ′ is OFF then τ is performed at
time r(τ).

• In the case of a left redirect: if τ is ON then τ ′ must be scheduled at
time d(τ ′)− 1. Conversely if τ ′ is not scheduled at time d′(τ ′)− 1 then
τ must be OFF .

Lemma 5. Suppose we have a feasible schedule. If (τ, ℓ, τ ′) is a redirect with
a maximum (or exact) delay then:

• in the case of a right redirect: if τ is not scheduled at its deadline minus
one then τ ′ must be OFF . Conversely if τ ′ is ON then τ is performed
at time d(τ)− 1.

• In the case of a left redirect: if τ is OFF then τ ′ must be scheduled at
time r(τ ′). Conversely if τ ′ is not scheduled at time r(τ ′) then τ must
be ON .
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τ ≥ ℓ τ ′

L
L′

τ ≤ ℓ τ ′

L′

L

(a) ON -to-OFF bridges

τ ≥ ℓ τ ′

L′
L

τ ≤ ℓ τ ′

L L′

(b) OFF -to-ON bridges

Figure 4: Examples of bridges.

4.2. Bridges

Combining switches and redirects allows us to perform some logical oper-
ations on the switches status, by the mean of Bridges, an example of which
is given in Figure 4:

Definition 6. A bridge B = {L, (τ, ℓ, τ ′), L′} is a mechanism composed of
two LongSwitches L,L′ and a redirect (τ, ℓ, τ ′). We distinguish between two
types of bridges: ON-to-OFF and OFF -to-ON .

We have an ON-to-OFF bridge in the following cases:

• (τ, ℓ, τ ′) is a left redirect with a minimum (or exact) delay,
d(L)− 1 = r(τ) and d(L′) = d(τ ′),

• (τ, ℓ, τ ′) is a right redirect with a maximum (or exact) delay,
d(L)− 1 = r(τ ′) and d(L′) = d(τ).

We have an OFF -to-ON bridge in the following cases:

• (τ, ℓ, τ ′) is a right redirect with a minimum (or exact) delay,
r(L) = d(τ ′)− 1 and r(L′) = r(τ),

• (τ, ℓ, τ ′) is a left redirect with a maximum (or exact) delay,
r(L) = d(τ)− 1 and r(L′) = r(τ ′).

Let L,L′ be two LongSwitches. The following lemma expresses the logical
properties of the bridges.
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Lemma 6. Let B = {L, (τ, ℓ, τ ′), L′} be a bridge.
If B is ON-to-OFF then in any feasible schedule:

L is ON =⇒ L′ is OFF and L′ is ON =⇒ L is OFF.

Thus LongSwitches L,L′ cannot be both ON.
If B is OFF -to-ON then in any feasible schedule:

L is OFF =⇒ L′ is ON and L′ is OFF =⇒ L is ON.

Thus LongSwitches L,L′ cannot be both OFF.
Additionally, in any ON/OFF admissible configuration for L,L′, there is

a schedule of the tasks in redirect (τ, ℓ, τ ′) in which both are scheduled either
at their release time or at their deadline minus one.

Proof. Let B be an ON -to-OFF bridge (see Figure 4a). Assume that L is
ON .

• If we have minimum or exact delays, task τ of the left redirect cannot
be scheduled at its release date, so that by Lemma 4 τ ′ is ON and
both tasks τ, τ ′ are scheduled at their deadline minus one. As then
d(L′) = d(τ ′), L′ must be OFF .

• If we have maximum delays, then τ ′ cannot be scheduled at its release
date, so it is ON , and by Lemma 5 τ is scheduled at its deadline minus
one,. So both tasks of the redirect are right-shifted, an the last switch
of L′ cannot be ON , and thus L′ is OFF .

Conversely, assume that L′ is ON .

• If we have minimum or exact delays, τ ′ cannot be scheduled at its
deadline, so that by Lemma 4, τ is OFF and thus the last switch of L
is OFF , so L is OFF . The schedule where both tasks of the redirect
are left-shifted is consistent with the configuration.

• If we have maximum delays, then τ cannot be scheduled at its deadline
minus one, so that by Lemma 5, τ ′ is OFF , which implies that the
last switch of L is OFF , and thus L is OFF . Similarly, the schedule
where both tasks of the redirect are left-shifted is consistent with the
configuration.
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Now in the configuration where both L and L′ are OFF , the redirect can be
either left or right-shifted.

Consider now an OFF -to-ON bridge (see Figure 4b). If L is OFF then
in the case of minimum or exact delays (resp. maximum) , τ ′ is OFF (resp.
τ is OFF ) so that by Lemma 4 and 5, τ (resp. τ ′ ) is scheduled at its release
time. And this implies that L′ is ON . The schedule where τ, τ ′ are scheduled
at their release time is consistent with this configuration.

If L′ is OFF then in the case of minimum or exact delays (resp. max-
imum), τ (resp. τ ′) cannot be scheduled at its release time, so that by
Lemma 4 and 5, τ ′ (resp. τ) is ON , which implies that L is ON . The sched-
ule where both τ, τ ′ are scheduled at their deadline minus one is consistent
with this configuration.

If both LongSwitches are ON , then any left-shifted of right-shifted con-
figuration of the redirect is consistent.

A variant of bridges, which we call half-bridges, can be obtained by re-
moving one of the LongSwitches. The motivation is to make the redirect
interact with a task which is not necessarily a switch.

Definition 7. A half-bridge B = {(τ, ℓ, τ ′), L} is a mechanism composed
of a LongSwitch L and a redirect (τ, ℓ, τ ′), Two cases may occur:

• (τ, ℓ, τ ′) is a right redirect with a minimum (or exact) delay,
r(L) = d(τ ′)− 1,

• (τ, ℓ, τ ′) is a left redirect with a maximum (or exact) delay,
r(L) = d(τ)− 1.

We can state the following lemma.

Lemma 7. If B = {(τ, ℓ, τ ′), L} is a half-bridge, then in any feasible sched-
ule, in the case of minimum or exact delays (resp. maximum delays) if a
task j is scheduled at time r(τ) (resp. r(τ ′)) then L is ON .

Proof. If j is scheduled at time r(τ) (resp. r(τ ′)) the corresponding task of
the redirect cannot be scheduled at the same time, so according to Lemma 4
and 5, its sibling τ ′ (resp τ) is ON , which implies that the first switch of
LongSwitch L cannot be OFF , so L is ON .
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si ≥ ℓ s′i

si+1 ≥ ℓ s′i+1P

si+1 ≤ ℓ s′i+1

si ≤ ℓ s′i

P

Figure 5: Propagation sequences with minimum and maximum delays.

4.3. Propagation sequences

Definition 8. A propagation sequence P is a sequence of coupled tasks
(si, ℓ, s

′
i)1≤i≤k such that for all 1 ≤ i ≤ k:

1. si, s
′
i are switches with time window of length 2:

d(si)− r(si) = d(s′i)− r(s′i) = 2,

2. r(s′i) = r(si) + ℓ+ 1,

3. if i ≤ k − 1:

(a) for minimum or exact delays: r(si+1) = r(si) + ℓ+ 2,
(b) for maximum delays: r(si+1) = r(si)− ℓ.

We define r(P ) the release time of propagation sequence P as the release time
of its first task r(s1) (resp. r(s′1)) in the in the case of minimum or exact
delays (resp. maximum delays).

We say that propagation sequence P is ON if all its tasks are scheduled
at their deadline minus one. Conversely, we say that P is not ON if at least
of its tasks is scheduled at its release date.

Notice that a propagation sequence P is entirely defined by its length
k, delay ℓ and release time r(P ). Propagation sequences have the following
logical property which will be used in all our reductions:

Lemma 8. Let P = (si, ℓ, s
′
i)1≤i≤k be a propagation sequence in some feasible

schedule. With minimum or exact (resp. maximum) delays, if s1 (resp. s′1)
is scheduled at its deadline minus one, then P is ON .
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Proof. Observe that the coupled tasks (si, ℓ, s
′
i) of a propagation sequence

are both left and right redirects. So in case of minimum or exact delays,
according to Lemma 4, if si is right-shifted, so is s′i, which implies that si+1

is right-shifted. In case of maximum delays, according to Lemma 5, if s′i is
right-shifted so is si, and thus s′i+1 is right-shifted.

So no matter if we have minimum, exact or maximum delays, in any
feasible schedule a propagation sequence will propagate whether its first tasks
is right-shifted to all other.

Bridge mechanisms can be used to interact with propagation sequences
by embedding one of the propagation sequence switches into a LongSwitch
of the bridge. Typically we will use a bridge to either make a propagation
sequence ON , or to prevent two propagation sequences from being ON at
the same time.

4.4. Reduction baseline

For all three delay types our para-NP-hardness results will be proved with
a reduction from the 3-COLORING graph problem. Let G = (V,E) with
V = {0, . . . , n− 1} and E = (ej)0≤j<m ⊆ V × V . Without loss of generality
we suppose that there is no self loop in E.

When building our scheduling instance, we segment time into n color
choice zones plus m edge check zones. In each color choice zone, the color
of some node i is chosen in {0, 1, 2}. And in each edge check zone, for some
edge ej = {i1, i2}, i1 < i2 we verify that nodes i1 and i2 did not choose the
same color.

We set β = 18n. Starting from time zero, we consider the 3n cou-
ples (i, k) of graph node and color choice in lexicographic order, and as-
sociate an interval of length 6 to each one of them. By repeating this pro-
cess over and over, we associate each couple (i, k) to intervals of the form
[xβ + 18i+ 6k, xβ + 18i+ 6(k + 1)) with x some nonnegative integer.

Definition 9. Given i ∈ {0, . . . , n − 1} and k ∈ {0, 1, 2}, we say that an
interval is a subsection of type (i, k) when it is of the form [xβ + 18i +
6k, xβ + 18i+ 6(k + 1)) for some nonnegative integer x.

Then whether node i has color k will be encoded in subsections of type
(i, k). And, given an edge ej = {i1, i2}, i1 < i2, we will verify that nodes i1
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and i2 does not choose the same color by relating a task from a subsection
of type (i1, k) with a task from a subsection of type (i2, k).

In terms of tasks we will have:

• n color choice tasks Ci with i ∈ {0, . . . , n − 1}: task Ci represents the
color choice of node i. Ci has three possible starting times and each
one corresponds to a color choice.

• 3n color propagation sequences Pi,k with i ∈ {0, . . . , n−1}, k ∈ {0, 1, 2}:
if color k is chosen for node i, then propagation sequence Pi,k will be
ON and it will propagate this piece of information in the edge check
zones.

• In the color choice zones: 2n OFF -to-ON bridges (or half-bridges) Bi,k

with i ∈ {0, . . . , n− 1}, k ∈ {0, 2}. In the color choice zone associated
to node i ∈ {0, . . . , n− 1}: bridge Bi,0 (resp. half-bridge Bi,2) will
guarantee that propagation sequence Pi,0 (resp. Pi,2) is ON if color
choice task Ci has the position corresponding to color choice 0 (resp. 2).

• In the edge check zones: 3m ON -to-OFF bridges Bi,k with
i ∈ {0, . . . ,m− 1}, k ∈ {0, 1, 2}. In the edge check zone associated
to edge ej = {i1, i2}, j ∈ {0, . . . ,m − 1}: for each k ∈ {0, 1, 2} bridge
Bn+j,k will guarantee that propagation sequences Pi1,k and Pi2,k cannot
be ON at the same time.

• Some fill tasks - marked with an ”X” in the reduction figures- to set
the LongSwitches of the bridges.

5. Reduction for minimum delays

In this section, we build Imin a scheduling instance of P ′
min where all

coupled tasks have the same minimum delay ℓ = β − 2 with β = 18n. Then,
we prove that it is feasible if and only if G is 3-colorable.

5.1. Timeline

Color choice zones are set within time interval [0, 3β), while edge check
zones are set within time interval [3β, (3+6m)β). Interval [0, 3β) is split into
three sections of length β called X0, X1, X2. Each node i ∈ {0, . . . , n − 1}
defines a time interval of length 18 in each zone, so that intervals associated
with node i have length β :
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Color choice zones

0 β 2β 3βX0 X1 X2

18

X0(i)

18

X1(i)

18

X2(i)

Edge check zones

3β (3 + 6m)β
(. . .)

bj,0β bj+1,0β

2β

Y0(ej)

2β

Y1(ej)

2β

Y2(ej)

(. . .)

Figure 6: Timeline of the reduction for minimum delays, with bj,k = 3 + 6j + 2k, for
k ∈ {0, 1, 2}. We highlight color choice zone i and edge check zone ej , which are described
in greater detail in Figure 7 and Figure 8 respectively.

X0(i) = [18i, 18(i + 1)), X1(i) = [18i + β, 18(i + 1) + β) and X2(i) =
[18i+ 2β, 18(i+ 1) + 2β).

In each interval Xk(i) the propagation of the information that the color
of node i is k is initiated.

The edge check zone [3β, 3β+6mβ) is split into m intervals of length 6β,
one for each edge check zone. So for each edge ej (indexed from 0 to m− 1),
the interval [3β + 6βj, 3β + 6β(j + 1)) is devoted to checking a conflict for
edge ej. To this purpose, this interval is divided into three consecutive zones
of length 2β, corresponding to the three colors. Let bj,k = 3 + 6j + 2k, with
k ∈ {0, 1, 2}. So in interval Yk(ej) = [bj,kβ, bj,k+1β) of length 2β, the existence
of a color conflict for color k on edge ej is checked. Figure 6 illustrates this
timeline.

5.2. Color choice zones

Let us consider time interval [0, 3β), the color choice section of the time-
line. Recall that for each k ∈ {0, 1, 2}, Xk(i) = [18i+ k · β, 18(i+ 1) + k · β)
(see Figure 6).

In each interval Xk(i) is initiated the propagation of the information that
the color of node i is k by the mean of a propagation sequence Pi,k with its
release time equal r(Pi,k) = kβ + 18i+ 6k + 2. It is composed of 3 + 6m− k
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coupled tasks, and thus propagates its information until the end of the edge
check zone.

Note that propagation sequence Pi,k only appears in subsections of type
(i, k). So we can deduce the following property:

Lemma 9. In instance Imin two tasks of two different propagation sequences
cannot be performed at the same time.

Proof. All tasks of propagation sequence Pi,k appear in intervals of the form
[xβ + 18i+ 6k + 1, xβ + 18i+ 6k + 4). Thus we immediately get the result
from the value ℓ = β − 2 and from the definition of a propagation sequence.

In interval X1(i) the color choice of node i is set via task Ci. It has release
time β + 18i+ 6 and a time window of length three. The successive positions
of this task correspond to colors 0, 2, 1. The other tasks in color choice zone
i - see Figure 7 - link the color choice tasks to the relevant propagation
sequences:

• Bridge Bi,0 is a OFF -to-ON bridge. Its left LongSwitch is composed
of a switch with release time 18i+ 1 and a time window of length two,
chained with the first switch of propagation sequence Pi,0. Its redirect
has release time 18i + 1 and a time window of length five. Its right
LongSwitch is composed of a switch with release time β + 18i+ 4 and
a time window of length three.

• Bi,2 is a half-bridge with release time β + 18i + 7. Its LongSwitch
is composed of a switch with release time 2β + 18i + 10 and a time
window of length five, chained with the first switch of the propagation
sequence Pi,2. Its redirect has time window of length 5 with release
time β + 18i+ 7.

• Six fill tasks ensure that the switches of the bridges are well formed.
The fill task with release time β+18i+5 (resp. 2β+18i+7) and a time
window of length 3, along with the two first switches of propagation
sequence Pi,0 (resp.Pi,1), ensure that the right task of the redirect of
Bridge Bi,0 (resp. Bi,2) is a switch. The fill task with release time
β + 18i + 5 and a time window of length one ensures that the right
LongSwitch of Bi,0 is a switch. The three last fill tasks with a time
window of length 1 and release times 2β + 18i+ 11, 2β + 18i+ 12 and
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2β + 18i+ 13 ensure that the right LongSwitch of half-bridge Bi,2 is a
switch.

Lemma 10. In any feasible schedule of instance Imin, if task Ci has a position
corresponding to color choice k, then propagation sequence Pi,k is ON .

Proof. If color choice task Ci is scheduled at its deadline minus one (i.e. at
time β + 18i+ 8), corresponding to color choice 1, then propagation sequence
Pi,1 cannot start at its release time, so by Lemma 8 it is ON . If task Ci is
scheduled at its release time, then the right LongSwitch of bridge Bi,0 cannot
start at its deadline. So it is OFF which, according to Lemma 6, implies
that propagation sequence Pi,0 cannot start at its release time. So again by
Lemma 8 it is ON . Finally, if Ci is scheduled at time β + 18i + 7 then it
activates half-bridge Bi,2 which, according to Lemma 7, prevents propagation
sequence Pi,2 from starting at its release time. So by Lemma 8 the latter is
ON .

5.3. Edge check zones

Consider now time interval [3β, 3β + 6mβ), the Edge check section of
the timeline. For an edge ej and a color k ∈ {0, 1, 2}, interval Yk(ej) =
[bj,kβ, bj,k+1β) with bj,k = 3 + 6j + 2k, will be used to check the existence of
a color conflict for color k on edge ej (see Figure 6).

Now let us zoom on interval Yk(ej) (see Figure 8). Let us assume that
ej = {i1, i2} with i1 < i2. To ensure that nodes i1, i2 cannot both have color
k, within zone Yk(ej) we use an ON -to-OFF bridge Bn+j,k to relate one
switch of propagation sequence Pi1,k with one switch of propagation sequence
Pi2,k: the former will be part of its left LongSwitch while the latter will be
its right LongSwitch. We also use 6(i2 − i1) + 1 fill tasks to set the bridge.
ON -to-OFF bridge Bn+j,k is defined as follows :

• Its redirect has release time bj,kβ + 18i2 + 6k and a time window of
length five.

• A fill task with release time bj,kβ + 18i2 + 6k + 1 and a time window
of length three which, together with propagation sequence Pi2,k, ensure
that left task of the redirect is a switch.

• Its right LongSwitch is the switch of propagation sequence Pi2,k with
release time (bj,k + 1)β + 18i2 + 6k + 2.
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Figure 7: Color choice zone i in instance Imin.
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• Its left LongSwitch is composed of a sequence of switches:

– Its first switch is the switch of propagation sequence Pi1,k with
release time bj,kβ + 18i1 + 6k + 2.

– This switch is chained with another switch with release time
bj,kβ + 18i1 + 6k + 3 and a time window of length four. Two fill
tasks with release time bj,k ·β+18i1+6k+4, bj,k ·β+18i1+6k+5
and a time window of length one ensure that it is a switch.

– Then for each subsection of type (i′, k′) such that bj,kβ+18i′+6k′ ∈
[bj,kβ + 18i1 + 6(k + 1), bj,kβ + 18i2 + 6k), we define two switches
chained with the previous ones:

∗ One has release time bj,kβ + 18i′ + 6k′ and a time window of
length five. A fill task with release time bj,k ·β+18i′+6k′+1
and a time window of length three, together with propagation
sequence Pi′,k′ , ensure that the three central positions of the
switch are used by other tasks.

∗ The other has release time bj,kβ + 18i′ + 6k′ + 4 and a time
window of length three. A fill task with release time bj,k · β +
18i′ + 6k′ + 5 and a time window of length one ensures that
it is indeed a switch.

Lemma 11. Let ej = {i1, i2} be an edge and k ∈ {0, 1, 2} be a color. Then,
in any feasible schedule of instance Imin, Pi1,k and Pi2,k cannot be both ON .

Proof. As bridge Bn+j,k is an ON -to-OFF Bridge, by Lemma 6, if Pi1,k is
ON then Pi2,k is OFF .

5.4. Proof of the reduction

Remark 1. Note that all tasks have a time window of length five of less, so
we have slack σ = 4.

Proposition 1. G is 3-colorable if and only if there exists a feasible schedule
for Imin.

Proof.
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Figure 8: Edge check zone ej in instance Imin. (i′, k′) represents any subsection type
between (i1, k) and (i2, k).
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( ⇐= ) Suppose there exists a feasible schedule s for instance Imin. We
propose a 3-coloring (c(i))0≤i<n based on the starting times of color choice
tasks Ci. For i in [0, n), we set the color of node i in G:

c(i) =


0 if s(Ci) = rCi
2 if s(Ci) = rCi + 1
1 if s(Ci) = rCi + 2

By contradiction suppose that (c(i))0≤i<n is not a valid 3-coloring. Then
there is an edge ej = {i1, i2} such that c(i1) = c(i2) = k with k a color in
{0, 1, 2}. Say we have i1 < i2 without loss of generality. Then by Lemma 10
both color choice switches Pi1,k and Pi2,k are ON in feasible schedule s, which
contradicts Lemma 11.

( =⇒ ) Suppose there exists a valid 3-coloring (c(i))0≤i<n for graph G. We
propose the following schedule s based on this 3-coloring:

• For i ∈ [0, n) color choice task Ci is scheduled at time r(Ci) if c(i) = 0,
r(Ci) + 1 if c(i) = 2, r(Ci) + 2 if c(i) = 1,

• For i ∈ [0, n) and k ∈ {0, 1, 2} propagation sequence Pi,k and all
LongSwitches which include a task of Pi,k are ON if c(i) = k and OFF
otherwise. This will guarantee that the LongSwitches of bridges and
half-bridges will have an ON/OFF position consistent with Lemma 6.

• Bridges and half-bridges are then set to their consistent configuration
according to Lemma 6, with any task either left-shifted or right-shifted.
So they cannot induce a conflict with any propagation sequence - ob-
viously for propagation sequences connected to the bridge, but also for
tasks of propagation sequences that defines the switches of the bridges
- their time window does not include the first and the last position of
the bridge.

• Fill tasks with a time window of length three are scheduled at their
release time if the overlapping propagation sequence is ON and at their
deadline minus one if the overlapping propagation sequence is OFF .
This implies that fill tasks cannot be scheduled at the same time as
another task.

We deduce that schedule s is feasible for instance Imin.

24



From these results and Lemma 1 we deduce the following part of Theo-
rem 2:

Lemma 12. Pmin is para-NP-hard parameterized by slack σ.

6. Reduction for maximum delays

In this section we use similar mechanisms to build Imax, a scheduling
instance of P ′

max, where all coupled tasks have the same maximum delay
ℓ = β with β = 18n. We define instance Imax.

6.1. Timeline

Unlike the minimum delay case, color choice information is propagated
from right to left. As such edge check zones are set within time inter-
val [β, (6m + 1)β) while color choice zones are within time interval [(6m +
1)β, (6m+4)β). (Note that time interval [0, β) will only host the left task of
the last coupled task in every propagation sequence.)

For any vertex i ∈ {0, . . . , n− 1} and color k ∈ {0, 1, 2}, we set Xk(i) to
be the interval where the propagation that node i has color k is initiated:

Xk(i) = [(6m+ 3− k)β + 18i, (6m+ 3− k)β + 18(i+ 1))

The edge check section of the timeline [β, (6m + 1)β) is split into m
intervals of length 6β, one for each edge check zone. So for each edge ej
(indexed from 0 to m−1), the interval [(1+6j)βj, (1+6(j+1))β) is devoted
to checking a conflict for edge ej. To this purpose, this interval is divided into
three consecutive zones of length 2β, corresponding to the three colors. Let
bj,k = 1 + 6j + 2k, with k ∈ {0, 1, 2}. So in interval Yk(ej) = [bj,kβ, bj,k+1β)
the existence of a color conflict for color k on edge ej is checked.

6.2. Color choice zones

In each interval Xk(i) is initiated the propagation of the information that
the color of node i is k by the mean of a propagation sequence Pi,k with its
release time equal to r(Pi,k) = (6m+ 3− k)β + 18i+ 6k + 2. It is composed
of 3 + 6m − k coupled tasks, and thus propagates its information until the
beginning of the edge check zone.

As in the reduction with minimum delays, propagation sequence Pi,k only
appears in subsections of type (i, k). So we can deduce the following property:
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Figure 9: Timeline of the reduction for maximum delays, where bj,k = 1 + 6j + 2k, for
k ∈ {0, 1, 2}. We highlight color choice zone i and edge check zone ej , which are described
in greater detail in Figure 10 and Figure 11 respectively.

Lemma 13. In instance Imax two tasks of two different propagation sequences
cannot be performed at the same time.

Proof. All tasks of propagation sequence Pi,k necessarily appear in intervals
of the form [xβ + 18i+ 6k + 2, xβ + 18i+ 6k + 5). Thus we immediately
get the result from the value ℓ = β and from the definition of a propagation
sequence.

In interval X1(i) the color choice of node i is set via task Ci. It has release
time (6m+ 2)β + 18i+ 7 and a time window of length three. The successive
positions of this task correspond to colors 0, 2, 1. The other tasks in color
choice zone i - see Figure 10 - link the color choice tasks to the relevant
propagation sequences:

• Bridge Bi,0 is a OFF -to-ON bridge. Its left LongSwitch is composed
of a switch with release time (6m + 2)β + 18i + 5 and a time window
of length three. Its redirect has release time (6m + 2)β + 18i + 1 and
a time window of length five. Its right LongSwitch is composed of a
switch with release time (6m + 3)β + 18i + 2 and a time window of
length two, chained with the first switch of propagation sequence Pi,0.

• Bi,2 is a half-bridge with release time (6m+1)β+18i+7. Its LongSwitch
is composed of a switch with release time (6m + 1)β + 18i + 11 and a
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Figure 10: Color choice zone i in instance Imax.
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time window of length five, chained with the first switch of propagation
sequence Pi,2. Its redirect has release time (6m + 1)β + 18i + 7 and a
time window of length five.

• Six fill tasks ensure that the switches of the bridges are well formed.
The fill task with release time (6m+ 2)β + 18i+ 2 (resp. release time
(6m+ 1)β + 18i+ 8) and a time window of length three, along with
the second and third switches of propagation sequence Pi,0 (resp.Pi,1),
ensure that the right task of the redirect of bridge Bi,0 (resp. half-
bridge Bi,2) is a switch. The three fill tasks with release times (6m +
1)β+18i+12, (6m+1)β+18i+13 and (6m+1)β+18i+14, and a time
window of length one, ensure that the right LongSwitch of half-bridge
Bi,2 is a switch. The final fill task with release time (6m+2)β+18i+6
and a time window of length one ensures that the right LongSwitch of
bridge Bi,0 is a switch.

Lemma 14. In any feasible schedule of instance Imax, if color choice task Ci
is scheduled at the position corresponding to color choice k, then propagation
sequence Pi,k is ON .

Proof. If color choice task Ci is scheduled at its deadline minus one (i.e. at
time (6m+ 2)β + 18i+ 9), corresponding to color choice 1, then propagation
sequence Pi,1 cannot start at its release time, so by Lemma 8 it is ON . If
task Ci is scheduled at its release time, then the right LongSwitch of bridge
Bi,0 cannot start at its deadline. So it is OFF which, according to Lemma 6,
implies that propagation sequence Pi,0 cannot start at its release time. So
again by Lemma 8 it isON . Finally, if Ci is scheduled at time (6m+2)β+18i+
8 then it activates half-bridge Bi,2 which, according to Lemma 7, prevents
propagation sequence Pi,2 from starting at its release time. So by Lemma 8
the latter is ON .

6.3. Edge check zones

Now let us zoom on interval Yk(ej) of the edge check section, devoted to
check whether there is a conflict with color k on edge ej. Figure 10 illustrates
the mechanisms used in this interval. Assuming ej = {i1, i2} with i1 < i2,
we use an ON -to-OFF bridge Bn+j,k to relate one switch of propagation
sequence Pi1,k with one switch of propagation sequence Pi2,k: the former will
be part of its left LongSwitch while the latter will be its right LongSwitch.
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We also use 6(i2 − i1) + 1 fill tasks to set the bridge. ON -to-OFF bridge
Bn+j,k is defined as follows :

• Its redirect has release time bj,kβ + 18i2 + 6k and a time window of
length five.

• A fill task with release time (bj,k+1)β+18i2+6k+2 and a time window
of length three which, together with propagation sequence Pi2,k, ensure
that right task of the redirect is a switch.

• Its left LongSwitch is the switch of propagation sequence Pi2,k with
release time (bj,k + 1)β + 18i2 + 6k + 2.

• Its right LongSwitch is composed of a sequence of switches:

– Its first switch is the switch of propagation sequence Pi1,k with
release time bj,kβ + 18i1 + 6k + 3.

– This switch is chained with another switch with release time
bj,kβ + 18i1 + 6k + 4 and a time window of length four. Two fill
tasks with release time bj,k ·β+18i1+6k+5, bj,k ·β+18i1+6(k+1)
and a time window of length one ensure that it is a switch.

– Then for each subsection of type (i′, k′) such that bj,kβ+18i′+6k′ ∈
[bj,kβ + 18i1 + 6(k + 1), bj,kβ + 18i2 + 6k), we define two switches
chained with the previous ones:

∗ One has release time bj,kβ+18i′+6k′+1 and a time window of
length five. A fill task with release time bj,k ·β+18i′+6k′+2
and a time window of length three, together with propagation
sequence Pi′,k′ , ensure that the three central positions of the
switch are used by other tasks.

∗ The other has release time bj,kβ + 18i′ + 6k′ + 5 and a time
window of length three. A fill task with release time bj,k · β +
18i′ +6(k′ +1) and a time window of length one ensures that
it is indeed a switch.

Lemma 15. Let ej = {i1, i2} be an edge and k ∈ {0, 1, 2} be a color. Then,
in any feasible schedule of instance Imax, Pi1,k and Pi2,k cannot be both ON .

Proof. As bridge Bn+j,k is an ON -to-OFF Bridge, by Lemma 6, if Pi1,k is
ON then Pi2,k is OFF .

29



(. . .) (. . .)

bj,k · β + 18i1 + 6k bj,k · β + 18i2 + 6k

. . .

. . .

. . . . . .

. . . . . .

. . . . . .

. . .

. . .

. . . . . .

. . . . . .

. . . . . .

. . .

. . .

. . .

(. . .) (. . .)

(bj,k + 1) · β + 18i1 + 6k (bj,k + 1) · β + 18i2 + 6k

. . .

. . .

. . . . . .

. . . . . .

. . . . . .

X

. . . . . .

. . .

. . .

. . . . . .

. . . . . .

X X

. . . . . .

. . . . . .

. . .

. . .

. . .

XX

Prop. seq. Pi1,k

(cont.)

Prop. seq. Pi′,k′

(cont.)

Prop. seq. Pi2,k

(cont.)

ON -to-OFF
bridge Bn+j,k

Prop. seq. Pi1,k

(cont.)

Prop. seq. Pi′,k′

(cont.)

Prop. seq. Pi2,k

(cont.)

Bridge Bn+j,k

(cont.)

Fill tasks

Subsection types (i1, k) (i′, k′) (i2, k)

Figure 11: Edge check zone ej in instance Imax. (i′, k′) represents any subsection type
between (i1, k) and (i2, k).
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6.4. Proof of the reduction

Remark 2. Note that all tasks have a time window of length five of less, so
we have slack σ = 4.

Proposition 2. G is 3-colorable if and only if there exists a feasible schedule
for Imax

Proof. The sketch of this proof is very similar to the proof of Proposition 1.

( ⇐= ) Given a feasible schedule for instance Imax, we define a 3-coloring by
following the starting times of the color choice tasks Ci. By Lemma 14 the
corresponding propagation sequences are ON . So, if the proposed 3-coloring
were invalid, it would contradict with Lemma 15.

( =⇒ ) Give a valid 3-coloring of G, we define a schedule for instance Imax

by following the node colors. From them, we directly infer the starting times
of the color choice tasks Ci. Then the corresponding propagation sequences
Pi,k are set to ON while all the other propagation sequences are set to OFF .
LongSwitches which include a task of a propagation sequence Pi,k are set
the same way as Pi,k. Following this, bridges and half-bridges are scheduled
accordingly to Lemma 6, so that all tasks of the bridges are either left or right
shifted, inducing no conflict with the overlapping propagation sequences nor
fill task. Finally fill tasks with a time window of length three are scheduled
at their release time if the overlapping propagation sequence is ON and at
their deadline minus one if the overlapping propagation sequence is OFF .
The resulting schedule is feasible for instance Imax.

From these results and Lemma 2 we deduce the following part of Theo-
rem 2:

Lemma 16. Pmax is para-NP-hard parameterized by slack σ.

7. Reduction for exact delays

In this section we build Iex a scheduling instance of Pex where all coupled
tasks have the same exact delay ℓ = β− 2 with β = 18n. We define instance
Iex then prove that it is feasible if and only if G is 3-colorable.
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Figure 12: Timeline of the reduction for exact delays. We highlight color choice zone i
and edge check zone ej , which are described in greater detail in Figure 13 and Figure 14
respectively. Recall that bj,0 = (4 + 9j) in this reduction.

7.1. Timeline

This time no problem relaxation was proved, so all tasks must be coupled.
As such we need a bit more room in each zone to set extra tasks without hin-
dering the base mechanisms. Color choice zones are set within time interval
[0, 4β) while edge check zones are set within time interval [4β, (4+9m+1)β).
For any vertex i ∈ {0, . . . , n − 1} and any index j ∈ {0, 1, 2, 3}, we define
interval:

X ′
j(i) = [jβ + 18i, jβ + 18(i+ 1)).

In interval X ′
2(i) we initiate the color choice of node i and its propagation.

The other intervals X ′
j(i) will be used to set the mechanisms that ensure the

propagation of this information to the rest of the timeline.
In the edge check section, as in previous reductions, given j in [0,m) and

k in {0, 1, 2} we define bj,k = 4 + 9j + 3k in order to describe concisely the
part of the (j + 1)th edge check zone where color k is checked for edge ej.
Then this segment can be written as Yk(ej) = [bj,k · β, (bj,k + 3) · β).

7.2. Color choice zones

Let us zoom on the intervals X ′
0(i), X

′
1(i), X

′
2(i), X

′
3(i) depicted in Fig-

ure 13. For each color k ∈ {0, 1, 2} we set a propagation sequence Pi,k with
its release time equal to r(Pi,k) = 2β + 18i + 6k + 2, so that it starts in
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section X ′
2(i). It is composed of 9m + 2 coupled tasks, and thus propagates

its information until the end of the edge check zone, from left to right. The
other three intervals X ′

j(i) associated to node i are used to set bridge Bi,0,
half-bridge Bi,2, fill tasks, color choice task Ci and the tasks coupled to all
these tasks.

As in the reduction with minimum delays, propagation sequence Pi,k only
appears in subsections of type (i, k). So we can deduce the following property:

Lemma 17. In instance Iex two tasks of two different propagation sequences
cannot be performed at the same time.

Proof. All tasks of propagation sequence Pi,k necessarily appear in intervals
of the form [xβ + 18i+ 6k + 2, xβ + 18i+ 6k + 5). Thus we immediately
get the result from the value ℓ = β and from the definition of a propagation
sequence.

In interval X ′
2(i) the color choice of node i is set via task Ci. It has

release time 2β + 18i+ 6 and a time window of length three. The successive
positions of this task correspond to colors 0, 2, 1. The other tasks in color
choice zone i - see Figure 13 - link the color choice tasks to the relevant
propagation sequences:

• Bridge Bi,0 is a OFF -to-ON bridge. Its left LongSwitch is composed
of the first switch of propagation sequence Pi,0. Its redirect has release
time β+18i+3 and a time window of length three. Its right LongSwitch
is composed of a switch with release time β+18i+5 and a time window
of length three.

• Bi,2 is a half-bridge with release time β + 18i + 8. Its LongSwitch is
composed of a switch with release time β+18i+12 and a time window
of length four, the coupled task of which is chained with the first switch
of propagation sequence Pi,2. It has a left redirect with release time
β + 18i+ 8 and time windows of length five.

• Seven fill tasks ensure that the switches of the bridges in interval X ′
1(i)

are well formed. The fill task with release time β + 18i + 4 (resp.β +
18i + 6) and a time window of length one ensures that the left task
of the redirect (resp. the right LongSwitch) of Bridge Bi,0 is a switch.
The fill tasks with release time β+18i+9, β+18i+10 and β+18i+11
(resp. β + 18i + 13 and β + 18i + 14) and a time window of length
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Figure 13: Color choice zone associated to node i in instance Iex.
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1 ensure that the left task of the redirect (resp. the LongSwitch) of
half-bridge Bi,2 is a switch.

Lemma 18. In any feasible schedule of instance Iex, if color choice task Ci
is scheduled at the position corresponding to color choice k, then propagation
sequence Pi,k is ON .

Proof. If color choice task Ci is scheduled at its deadline minus one (i.e. at
time 2β + 18i+ 8), corresponding to color choice 1, then propagation se-
quence Pi,1 cannot start at its release time, so by Lemma 8 it is ON . If
task Ci is scheduled at its release time, then both the right LongSwitch of
bridge Bi,0 and the task coupled to it cannot start at their deadline. So this
LongSwitch is OFF which, according to Lemma 6, implies that propagation
sequence Pi,0 cannot start at its release time. So again by Lemma 8 the
latter is ON . Finally, if Ci is scheduled at time 2β+18i+7 then it activates
half-bridge Bi,2 which, according to Lemma 7, forces the task coupled to its
LongSwitch to be scheduled at its deadline minus one. This prevents prop-
agation sequence Pi,2 from starting at its release time. So by Lemma 8 the
latter is ON .

7.3. Edge check zones

Notice that unlike with minimum or maximum delays, given a task τ , it
can become a switch by setting constraints not necessarily on τ itself, but on
its coupled task instead. This will come into play in the edge check zones.

Given an edge ej and a color k ∈ {0, 1, 2}, we describe the content of
segment Yk(ej) = [bj,kβ, (bj,k + 3)β) where bj,k = 4+ 9j + 3k - see Figure 14.
Assuming ej = {i1, i2} with i1 < i2, we use an ON -to-OFF bridge Bn+j,k to
relate one switch of propagation sequence Pi1,k with one switch of propagation
sequence Pi2,k: the former will be connected to its left LongSwitch while the
latter will be its right LongSwitch. We also use 6(i2 − i1) + 1 fill tasks to set
the bridge. Bridge Bn+j,k is defined as follows :

• Its redirect has release time (bj,k+1)β+18i2+6k−1 and a time window
of length six.

• two fill tasks with release time (bj,k +1)β+18i2 +6k - one with a time
window of length four, the other with a time window of length two -
which, together with propagation sequence Pi2,k, ensure that left task
of the redirect is a switch.
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• Its right LongSwitch is the switch of propagation sequence Pi2,k with
release time (bj,k + 1)β + 18i2 + 6k + 2.

• Its left LongSwitch is composed of a sequence of switches:

– Its first switch is the switch of propagation sequence Pi1,k with
release time (bj,k + 2)β + 18i1 + 6k + 2.

– This switch is chained with another switch with release time
(bj,k + 2)β + 18i1 + 6k + 3 and a time window of length three.
A fill task with release time (bj,k+2) ·β+18i1+6k+4 and a time
window of length one ensures that it is a switch.

– Then for each subsection of type (i′, k′) such that (bj,k + 2)β +
18i′ + 6k′ ∈ [(bj,k + 2)β + 18i1 + 6(k + 1), (bj,k + 2)β + 18i2 + 6k),
we define up to two switches chained with the previous ones:

∗ one switch with release time (bj,k + 2)β + 18i′ + 6k′ − 1 and
a time window of length six. A fill task with release time
(bj,k + 2)β + 18i′ + 6k′ + 2 and a time window of length four,
together with its coupled task and propagation sequence Pi′,k′ ,
ensure that it is a switch - see Lemma 19.

∗ If we are not right before the subsection of type (i2, k): an-
other switch with release time (bj,k + 2)β + 18i′ + 6k′ + 4 and
a time window of length two.

Lemma 19. For every edge ej and color k, Bn+j,k is an ON-to-OFF bridge
in instance Iex.

Proof. The only nontrivial switches in Bn+j,k are the tasks with release time
(bj,k+2)β+18i′+6k′−1 and time window length six, with (i′, k′) subsection
type between (i1, k) and (i2, k). Let τ

′ be one of them, τ be its (left) coupled
task, f ′ be the associated fill task with a time window of length four and f be
its (left) coupled task. By contradiction, given some feasible schedule of Iex,
suppose that τ ′ starts at time (bj,k + 2)β + 18i′ + 6k′ + x with x ∈ [0, 3].

• If x ∈ {0, 1} then the first two positions of task f are blocked. Since f ′

is coupled to it and r(f ′) = r(f) + ℓ + 1, this also blocks the first two
positions of f . Plus this forces the two tasks from propagation sequence
Pi2,k which overlap the time window of f ′ to be ON, which blocks the
last two remaining positions of f ′ and leads to a contradiction.
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• If x ∈ {2, 3} we obtain a contradiction similarly, starting from the last
two positions of f ′ this time.

So Bn+j,k is an ON -to-OFF bridge.

Lemma 20. Let ej = {i1, i2} be an edge and k ∈ {0, 1, 2} be a color. Then,
in any feasible schedule of instance Iex, Pi1,k and Pi2,k cannot be both ON .

Proof. By Lemma 19 Bn+j,k is an ON -to-OFF Bridge. So, by Lemma 6, if
Pi1,k is ON then Pi2,k is OFF .

7.4. Proof of the reduction

Remark 3. Note that all tasks have a time window of length six of less, so
we have slack σ = 5.

Proposition 3. G is 3-colorable if and only if there exists a feasible schedule
for Iex

Proof. The sketch of this proof is very similar to the proof of Proposition 1.

( ⇐= ) Given a feasible schedule for instance Iex, we define a 3-coloring by
following the starting times of the color choice tasks Ci. By Lemma 18 the
corresponding propagation sequences are ON . So, if the proposed 3-coloring
were invalid, it would contradict with Lemma 20.

( =⇒ ) Give a valid 3-coloring of G, we define a schedule for instance Iex by
following the node colors. From them, we directly infer the starting times
of the color choice tasks Ci. Then the corresponding propagation sequences
Pi,k are set to ON while all the other propagation sequences are set to OFF .
LongSwitches which include a task of a propagation sequence Pi,k are set
the same way as Pi,k. Following this, bridges and half-bridges are scheduled
accordingly to Lemma 6, so that all tasks of the bridges are either left or right
shifted, inducing no conflict with the overlapping propagation sequences nor
fill task. Finally, in the edge check zones, fill tasks with a time window of
length four are scheduled at their release time if the overlapping propagation
sequence is ON and at their deadline minus one if the overlapping propagation
sequence is OFF . The resulting schedule is feasible for instance Iex.

From these results we deduce the following part of Theorem 2:

Lemma 21. Pex is para-NP-hard parameterized by slack σ.
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Figure 14: Segment Yk(ej) in edge check zone ej of instance Iex. Given a couple (i′, k′),
function next returns (i′ + 1, 0) if k′ = 2 and (i′, k′ + 1) otherwise.

38



8. Conclusion

In this paper, for all three precedence delay types, we proved that schedul-
ing coupled tasks with time windows on a single machine is para-NP-complete
with respect to parameter couple “pathwidth and slack”, even with unit-time
tasks and equal-length delays. This shows that, unlike the setting without
time windows, the range of processing times, the chain lengths and the num-
ber of delay values do not significantly change the difficulty of the problem.
In other words, it remains NP-complete even in the most simple variant of
these three properties combined. Leaving aside the number of tasks, this
leaves the value of the delays as the only remaining unbounded property.
essentially identifying it as the main reason behind the difficulty of single-
machine scheduling with time windows and precedence delays. As such, it
seems natural to have the maximum delay value among the next parameters
to consider.

Additionally, one could consider parameters which are specific to the
coupled-task setting. For instance Bessy and Giroudeau [13] added a com-
patibility graph which limits which coupled tasks can interleave each other
- i.e. whenever the tasks of a given coupled task can be processed in be-
tween the execution of the two tasks of another coupled task. With exact
delays, they showed that coupled-task scheduling on a single machine is fixed-
parameter tractable parameterized by the maximum coupled task length plus
the vertex cover number of this graph as the parameter. It would be inter-
esting to explore whether this result still holds when time windows are added
to the problem.

Finally, we claim that parameterized complexity analysis provides a new
insight on the difficulty of scheduling problems. However one of the challeng-
ing question is to based upon these positive and negative results to design
more efficient exact and approximated algorithms.
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