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Abstract We consider single machine scheduling problems minimizing the
makespan when tasks are subject to precedence constraints with minimum,
exact or maximum delays. We investigate the parameterized complexity of
these problems with respect to the maximum delay value £,,,.., and we com-
plement the landscape of results in this field.

We prove that several special cases of the problem with either exact of
minimum delays are para-NP-complete or XNLP-hard with respect to 44,
in contrast with the maximum delays case which seems easier. In particu-
lar, in the case of precedence chains and unit processing times, we establish
that the problem is para-NP-complete with exact delays and XNLP-hard with
minimum delays, while it is polynomial-time solvable with maximum delays.

We then investigate the combination of £,,4, with the width of the prece-
dence graph, and aim for drawing the line of fixed-parameter tractability for
the three types of delays. We show that for those combined parameters, the
maximum delays case is polynomial-time solvable for chains, whereas for min-
imum delays it is proved XNLP-complete even with unit processing times and
only two available delay threshold values. If a general precedence graph is
assumed, we also establish that the problem with minimum delays is XNLP-
complete, even for unit processing time and equal delays, whereas it is in FPT
for exact delays.
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Finally we consider problems with time windows, and propose a fixed-
parameter tractable algorithm for problems with unbounded processing times,
a general precedence graph and all types of delays, with respect to parameters
£ mae combined with the maximum slack of a task.
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1 Introduction

In this paper we investigate the inclusion of precedence delays in several single
machine scheduling problems with precedence constraints. Such delays specify
a time value on top of existing precedence relations. Given two jobs i,j and
a precedence constraint ¢ — j forcing j to be started after i is completed,
we can add a minimum - resp. exact, maximum - delay ¢; ; to ask that j
must be started at least - resp. exactly, at most - ¢; ; time units after ¢ is
completed. Such delays can model a variety of scheduling problems in practice,
e.g. product shelf life in the case of maximum delays or instruction scheduling
on pipelined processors in the case of minimum delays (Bruno et al., 1980).

Precedence delays are a special case of the time lags defined by Brucker
et al. (1999), which are not necessarily tied to a precedence relation. Other
connex notions include communications delays - for which the delay is only
applied when ¢ and j are scheduled on different machines - and sequence-
dependent setup times, the delay values of which depend on the order of the
jobs (see for example Baart et al. (2021) or Mnich and van Bevern (2018),
Section 5.3).

To describe the studied scheduling problems, we extend Graham’s standard
three field notation (Graham et al., 1979). The presence of precedence delays
is denoted in the second field by the symbol ¢ associated with precedence
constraints, with a superscript ex, min and/or max to describe the nature of
delays. So problem notation 1|chains(¢™™), ¢; ; = £,p; € {1,2}|Cinax < D de-
notes the single machine problem of scheduling chains of tasks with minimum
delays, assuming that the same minimum delay ¢ is associated to every prece-
dence constraint, job processing times are either 1 or 2, and deciding whether
the minimum makespan is not greater than D. With “chains(¢m™,¢me®)”
in the second field instead, both minimum and maximum precedence delays
would be allowed. In this case, note that we can recreate an exact delay on
precedence relations ¢ — j by having E;”Jm equal to €77,

This paper focuses on the computational complexity of 1|prec(¢X)|Cpraz
and its subproblems with X € {ex, min, maz}. As we will see in the following
paragraphs, most subproblems are strongly NP-complete and thus require to
bound some property - like the maximum processing time or the maximum
delay value - in order to obtain tractable algorithms. Given a problem P and a
parameter k : P — Ny, P is said to be fixed-parameter tractable parameterized
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by k if there exists a deterministic algorithm which solves P in f(k) - poly(|Z|)
time where f is some computable function and |Z| is the input size. Then
the couple (P, k) is said to belong to the FPT class. When a problem is be-
lieved to not be in FPT with respect to k, it is proved complete for either the
para-NP class, the XNLP class or some class in the W-hierarchy (W[t]):en.
In particular P is in para-NP (resp. XNLP) when there exists a nondetermin-
istic algorithm which solves it in f(k) - poly(|Z]) time (resp. f(k) - poly(|Z|)
time and f(k) - log(|Z|) space (Elberfeld et al., 2015)). And P can be proved
para-NP-hard with respect to k by proving it NP-hard for a fixed value of k
(Flum and Grohe, 1998). Clearly when it comes to precedence delays, the most
straightforward parameter is the maximum delay threshold value £,,,, which
appears in the input precedence graph. In the following paragraphs we detail
the results obtained in the literature for each delay type.

Among the three precedence delay types considered in this work the ex-
act ones have been the most studied, especially in the context of coupled task
scheduling - i.e. when prec is only composed of isolated edges linking two tasks.
A coupled task i is usually encoded as a triplet of integers (a;, ¢;, b;) where a;, b;
are the processing times of the two tasks and ¢; is the length of the precedence
delay in between them. A comprehensive overview of the classical complex-
ity results in the literature was given by Khatami et al. (2020) and Chen and
Zhang (2021). Baptiste (2010) showed that 1|(p, ¢, p)|Cimaz, with identical pro-
cessing times and identical precedence delays can be solved in O(f({) -log(n))
time, lowering the dependency in the number of jobs at the expense of an
exponential blowout with respect to £. Then Khatami et al. (2023) extended
the method to show that Pm/|(a,?,b)|Cyqe. parameterized by £,,q4, is in FPT.
Bessy and Giroudeau (2019) explored the inclusion of a compatibility graph G,
which dictates when two coupled tasks are allowed to interleave. They showed
that 1|(aj;,4;,b;), G¢|Crmae < D is NP-hard even when G. is a star, and that
it is in FPT when parameterized by max;(a; + ¢; + b;) plus the vertex cover
of G.. When minimizing the number of tardy jobs, although they proved that
1/(1,£,1),Gc| > U; is W[1]-hard parameterized by > Uj, they showed that it
is in FPT when /,,,, is fixed.

Minimum precedence delays typically allow more problems to be solved
efficiently. While scheduling unit-time jobs on a single machine was proved
strongly NP-hard on general precedence relations with a single delay threshold
value by Leung et al. (1984), Bruno et al. (1980) showed that the problem can
be solved in polynomial time when restricting prec to an inforest and adding
deadlines (or restricting prec to an outforest and adding release dates). Still
Finta and Liu (1996) showed that 1|prec({™"),p; = 1|Cpnas < D is strongly
NP-hard. Engels (2000) considered restrictions to chains with a limited range
of delay values and showed that 1\chains(€mm),£i,j =/{,pj = 1|Cpaz < D re-
mains strongly NP-complete. With jobs of length in {1,2}, he even proved
para-NP-completeness with respect to lpa, (With 0. = 2). Finally note
that minimum delays can be used to simulate the parallel identical machine
setting with regular precedence constraints. A well-known setting, the param-
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eterized complexity of which has been extensively studied (Bodlaender et al.,
2022; Nederlof and Swennenhuis, 2022; Swennenhuis, 2022).

Maximum precedence delays have been the least studied precedence delay
type. However it is worth noting that 1|prec(¢™**),4; ; = £,p; = 1|Crae < D
is equivalent to the DIRECTED BANDWIDTH graph problem which was
first studied by Garey et al. (1978). They showed that the problem is strongly
NP-hard with trees of indegree one and outdegree at most two. In the case of
polytrees - i.e. directed acyclic graphs whose underlying undirected graph is
a tree - Bodlaender (2021) showed that the problem is W/[¢]-hard parameter-
ized by the bandwidth threshold for all ¢ positive integer when the underlying
undirected graph is a caterpillar with hair length at most one. While parame-
terized graph problem k-BANDWIDTH was recently proved XNLP-complete
(Bodlaender et al., 2022), it is open whether k-DIRECTED BANDWIDTH is
also XNLP-complete.

On general precedence, it is worth noting that minimum precedence de-
lays can be used to simulate release dates and deadlines by setting a global
initial task and a global final task. As such, several references investigated the
inclusion of job time windows to problems with chains of precedence. With
X € {min, ez}, Mallem et al. (2022) showed that 1|chains(¢X),p; = 1,7;,d;|*
is strongly NP-hard even with fixed pathwidth p - i.e. fixed maximum number
of overlapping time windows at any time - and fixed slack o - i.e. fixed maxi-
mum difference between the processing time of a job and the length of its time
window. However in the minimum delays case the problem is in FPT when
pathwidth p is combined with maximum delay threshold value £,,,, as the
parameter, even on parallel identical machines with general precedence. Bod-
laender and van der Wegen (2020) obtained several interesting results when
time windows are defined on the precedence chains instead - denoted [r¢, d¢)
for a chain C. With X = min (resp. ex) and delays given in unary, they
showed that 1|chains(¢X),p; = 1,r¢, dcolx is W[1]-hard (resp. W[1]-complete)
parameterized by the number of chains. In the parallel identical machine set-
ting with delays given in unary they also gave an XP algorithm parameterized
by the thickness - i.e. the maximum number of chain time windows which can
include a time unit -, essentially a pathwidth-like parameter on chain time
windows.

The vast majority of these results suggests that, although restricting the
values of the precedence delays is often not enough in itself to make the prob-
lem easier, in some cases bounding an extra property could yield a fixed-
parameter tractable algorithm. The results presented in this paper reinforce
this intuition.

Contribution

Upon studying the parameterized complexity of single machine scheduling
with precedence delays, we make significant progress with respect to three
parameters:

1. the maximum delay value ¢,,,, which appears in the input,
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2. Lpmae plus the width w of the precedence graph,
3. lmaz plus the slack o.

For problem 1|prec(fX)|Cpa. with X € {ex,min,maz} and bounded
precedence delays, we show that the accurate parameterized characterization
of each subproblem depends on the nature of the delays, the structure of
the precedence graph, the range of available delay threshold and processing
time values. We complete the results from the literature and confirm that in
most cases our single machine problem with bounded delay value remains dif-
ficult. In particular, we complement the parameterized landscape of problem
1chains(¢X),p; = 1,7;,d;[* with X € {ex,min} initiated by Mallem et al.
(2022) - where it was shown para-NP-hard with respect to  and in FPT with
respect to ({ymaq + 1t). With respect to £,,4., our results infer that this problem
is XNLP-hard with minimum delays and para-NP-complete with exact delays.
Table 1 summarizes our contributions for parameter ¢,,,,, in light of results of
the literature.

1|chains(£X)|Cmaq X =ex X =min X = mazx

O(n - log(n)) with

ij =4,pj=1 unary W[1]-hard® o f
unary chains

Zi),(j €{0,¢},p; =1

XNLP-hard® O(IZe
Arbitrary Eifj, pj = 1 (| l)

6 =t,pj € {1,2}

para-NP-complete®

para-NP-completed
Arbitrary Zsz and p;

1|prec(tX)|Crmax X =ex X =min X = mazx
6 =tpj=1 W([1]-hard®
6% e{0,6,p; =1 XNLP-hard¢ S
t]-
Arbitrary Zsz’ p; =1 [t)-har
- para-NP-complete® for all th

Kz?,(j =4{,p; €{1,2}
para-NP-complete?d

Arbitrary erj and p;

Table 1 Results with parameter £,,4,. Contributions are in bold. “See Section 3, Propo-
sition 1. ®See Section 3, Proposition 2. ¢See Section 3, Proposition 3. “See Section 5, The-
orem 1. ¢See Section 6, Theorem 2. fSee Bruno et al. (1980). 9See Engels (2000). "See
Bodlaender (2021).

Furthermore, on chains of unit-time jobs with minimum delays, we improve
the W[1]-hardness result with respect to w by Bodlaender and van der Wegen
(2020) by proving XNLP-completeness with respect to ({4, +w), even in the
absence of chain time windows. Since this implies W[t]-hardness for all ¢ (Bod-
laender et al., 2022), under the assumption that W[1] # W[¢] for some ¢ > 2,
this differentiates it from the case with exact delays - which they proved W[1]-
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complete with respect to w. In contrast, this problem with maximum delays
is polynomial-time solvable. We also investigate the general case with an ar-
bitrary precedence graph, still with unit processing times, and show that for
equal exact delays and the problem is in FPT, whereas it is XNLP-complete for
minimum delays. Our contributions for the combined parameters (€40 + w)
are summarized in Table 2.

1|chains(£X)|Cmaz X =ex X =min X = max
O(n -log(n)) with
X =t =1 in FPT® (n-log(n))

’ unary chains?
ZX-E{O,e},p':l O(|Z])«
) i WL (1Z)

Arbitrary Efj, pj =1 XNLP-completef
Arbitrary Efj and p; in XNLP?
1|prec(£X)|Crmaz X =ex X = min X = mazx

6 =tpj=1 in FPTY
E’fj S {0,@},]73' =1

in W[1]¢ | XNLP-complete® | in XNLP?

Arbitrary élxj, p; =1

Arbitrary Zsz and p; in XNLP?

Table 2 Results with parameter (maz + w). Contributions are in bold. “See Section 3,
Proposition 3. See Section 3, Proposition 6. See Section 4, Proposition 4. ¢See Section 4,
Proposition 5. ¢See Section 5, Theorem 1. fSee Section 6, Theorem 2. 9See Bruno et al.
(1980). "See Bodlaender and van der Wegen (2020).

We then investigate the case where tasks have time windows, and where
the three type of delays are combined : 1|prec(¢™™, £™) r; d;|x. We provide
a fixed-parameter tractable algorithm for this general problem for parame-
ter 42 combined with the maximal slack o of a task . To the best of our
knowledge, this is the first fixed-parameter tractable algorithm on a scheduling
problem with precedence delays and unbounded processing times.

This paper is organized as follows. In Section 3 we take maximum delay
value {,,,, as a parameter and prove the results of Table 1. In the next three
sections we combine £,,,, with the width w of the precedence graph. In Sec-
tion 4 we consider subproblems which become easier to solve. On the contrary,
Sections 5 and 6 show XNLP-completeness of two special cases with minimum
delays and unit-time jobs, respectively on general precedence with equal de-
lay values, and chains of precedence with two possible delay values. Section
7 shows the fixed-parameter tractable algorithm for the problem with time
windows, by combining parameter {,,,, with the maximal slack o. Finally in
Section 8 we give our concluding thoughts.
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2 Preliminaries

Definition 1 Let X € {ex,min,max}. An instance I of decision problem
1prec(tX)|Cmax < D is a tuple (7, prec, £;Y;, p;, D) where:

— J is the set of jobs,

— prec is a directed acyclic graph representing a strict partial order — on 7,

— optionally for each precedence relation ¢ — j, 65(] € Ny is a precedence
delay value,

— for each j € J, p; € N* is the processing time of job j,

D is the makespan - i.e. maximum completion time - threshold.

A schedule S : J — Ng on such an instance I is said to be feasible if and
only if:

1. at most one job is executed at a time:
Vi,j € J,(i#j) = [S()+p; <S@O]VISE) +pi <53,
2. the makespan of schedule S is at most D:
vjeJ,5() +pi <D,
3. all precedence constraints are met:
Vi,j € J,(i—j) = (5(0) +pi < 5());

4. each precedence delay constraint Effj is met:
— if X =min: S(i) +pi + " < S(),
— if X = ex: S(i) + pi + 4% = 5(j),
— if X =max: S(j) < S(i) +pi + 677

If more than one precedence delay type is made available, then in our
extended Graham notation such delay types are listed in the parentheses fol-
lowing prec. For example an instance of 1|prec(f™", M%)|Cpue < D is a
tuple (J, prec, Elff‘jm,é%-‘”,pj,D> where each precedence relation i — j may
have both a minimum and a maximum delay value.

Definition 2 Given a scheduling instance I with precedence constraints, we
define width w as the size of the largest antichain in —.

If I also has precedence delays, we define £,,,, as the maximum delay
threshold value which appears in I.

In the case where prec is a set of disjoint chains, note that w is equal to
the number of chains.

Definition 3 In a scheduling instance I with job time windows, each job
j € J is given a release date r; € Ny and a deadline d; € Ny. Then any
feasible schedule S on I must verify:

Vi€, (r; <S)ASG) +p; <dj).
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On scheduling problems with job time windows, whether there exists a
feasible schedule can be asked without mentioning a makespan threshold - or,
equivalently, by setting said threshold as the maximum deadline. In this case,
we denote x in the third field of our extended Graham notation.

Definition 4 Given a scheduling instance with job time windows we define:

— pathwidth p as the maximum number of overlapping time windows at any
time. -
— slack o as maxjes(d; — 15 — pj).

Lemma 1 Any YES-instance of 1|prec(f™™ (M%) r; d;|x has pathwidth at
most 20 + 1.

Proof We use the same argument as van Bevern et al. (2017) - see their
Lemma 5.3. Let ¢t be a time unit and let j be a job. If ¢ is part of interval
[rj,d;) then 7; <t < d;. Plus the definition of slack o: d; — p; — o < r; and
czj <rj+pj+o0.807r; >t—p; —0o and Jj < t+ p; + 0. This means that
whenever job j is scheduled, p; consecutive time units will be taken by j in
time interval [t — o — p; + 1,t + 0 + p;). Thus at least one time unit will be
taken by j in time interval [t — o,t + o + 1). Since we only have one machine,
this means that at most 20 + 1 jobs j can have ¢t be a part of their time win-

dow [r;,d;) in any feasible schedule of this instance. This yields the wanted
inequality. O

Condition “u < 20 4 1”7 can be checked by computing both parameters in
O(n-log(n)) time. So w.l.o.g. one can assume that this condition holds in any
instance considered in Section 7.

3 Results with Bounded Maximum Delay Value

In this section we show a number of results with exact and maximum delays.
Most of them are inferred from the literature in a straightforward way.

In the case of exact delays the parameterized problem remains difficult
even with fixed £,,,q..

Proposition 1 The following problems are para-NP-complete parameterized
by linaz (With Ly = 1):

(Z) 1|Chain8(£ex)a€i,j € {an}apj = 1|Cma9c S D;
(1) 1|chains(£°), €; ; = £,p; € {1,2}|Cprax < D.

Proof Both problems are trivially in NP. To prove hardness, we reduce from
UNARY 3-PARTITION in both cases. Given the number of partitions B, the
target sum 7' and positive integers (a;)1<;<3sp with % <aj < % all given
in unary, we are asked whether it is possible to partition the integers into B
subsets of three elements of sum 7.
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(i) We set D = B(2T — 1) + 1 and we define a chain (f;)o<;j<p(r+1) of fill
jobs the following way: for all 0 < k < B:

= = =0
Jrsk T frsvrrr — [Tkt

By direct induction on k, it is clear that this chain spans over exactly
D time units and thus can only start at time 0 in any feasible schedule. As
a result, this leaves B sequences of available time units spaced by two time
units, where in each sequence the T' available time units are spaced by one time
unit. So, if each integer a; is represented by a chain of a; unit-time jobs with
exact delay one everywhere, then the equivalence between the available time
units of this scheduling instance and the UNARY 3-PARTITION instance is
straightforward.

(#1) We use a very similar reduction. The only difference is that, for all
0 < k < B, consecutive fill jobs firi1)p+r and firy1yk+1) are fused into a
single job of processing time two. Then the rest of the reduction and proof
unfolds in the same manner. O

Proposition 2 1|chains(¢**),l; j = £,pj = 1|Crmaz < D is W[1]-hard param-
eterized by Lmar even with chains given in unary.

Proof We reduce from the k-UNARY BIN PACKING problem, which was
proved W[l]-hard by Jansen et al. (2013). Given bin capacity T, items with
sizes positive integers (a;)1<;j<n given in unary and parameter k the question
is whether it is possible to pack the items into k bins. To get our reduction
we set D = KT and ¢ = k — 1. Each integer a; is represented by a chain of
a; unit-time jobs with delay ¢ everywhere. Then all jobs from a chain have
the same time position modulo k. So the i'" bin is represented by all time
positions modulo k& within interval [0, D — 1]. The fill jobs leave exactly B
intervals of length T" to schedule the other jobs. Then the equivalence between
our scheduling instance and the k-BIN PACKING instance is straightforward.

O

Note that this is not the case with maximum delays. In fact having chains
with arbitrary delay values does not hinder polynomiality.

Proposition 3 Any instance I of 1|chains({™*)|Cpae < D can be solved in
O(|I]) time.

Proof Chains can be scheduled one after the other with delay 0 everywhere in
the schedule. So one can simply add up the chain lengths then check if this
sum is lower than or equal to D. a

4 Algorithmic Results with Bounded Maximum Delay Value and
Precedence Width

In this section, we combine maximum delay value £,,,, with the width w of
the precedence graph as a parameter. In the case of precedence chains, note
that w is equal to the number of chains.
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Proposition 4 Any instance T of 1|chains(¢*),4; ; = {,p; = 1|Cpaz can be
solved in O(|Z| - (£ + 1)*) time.

Proof Once the starting time of the first job of a chain is known, the starting
times of all the other jobs in the chain are known. Now, notice that if two chains
start at the same time modulo (¢ + 1), then they can only be in sequence. So
once the (starting time modulo (£+ 1)) of each chain is known, the makespan
is the maximum over s € {0,...,¢} of the sum of the length of chains, the
starting time modulo (£+ 1) of which is s. This gives the above complexity: we
can enumerate all tuples of starting times modulo (¢ + 1) in O((¢ + 1)) time
and then, for each tuple, compute the makespan. a

Proposition 5 (i) Problem 1|prec({*),p; = 1|Cpas polynomially reduces to
L|chains(€*), p; = 1|Cpag without increasing the values of lpaqr and w.

(12) Problem 1lprec(¢°®),¢;; = €,p; = 1|Cas polynomially reduces to
l|chains(€%), 4; j = £, pj = 1|Crap without increasing the values of lyq, and
w.

Proof (i) Consider an instance of 1|prec(¢°*), p; = 1|Crag- Let U = [i1, ... , 4]
be a sequence of jobs corresponding to an undirected chain of the precedence
graph: for each 1 < y < x — 1 there is either a forward precedence constraint
ay = (iy,4y+1) or a backward precedence constraint a, = (iy41,4,). We define
the length of L(U) by induction as follows: If z = 2 and a; is forward then
L(U) =¥;, 4, +1, and if a4 is backward L(U) = —¢;, ;, —1 . If x > 2 let U’ be
undirected chain [i1,...,i;—1]. Then, if a,_; is a forward arc with respect to
U, then L(U) = L(U")+ 1+ 4;,_, ;. Otherwise L(U) = L(U") — ¢; 4, , — 1.

Since we have exact delays it is straightforward to see that for any undi-
rected chain U = [iy,...,i,] and any feasible schedule S:

Sip, — Sip = L(U)

This implies that if there are two undirected chains from job i to job 7,
then they should have the same length. Otherwise it is a NO instance. This
can be checked in polynomial time by computing the all pairs shortest length
and then check whether there is an arc which is not the shortest length.

Moreover, it is clear that once the starting time of a job on a chain is
known, then all the starting times along the chain are defined. So if we consider
a connected component of the precedence graph, all pairs of nodes are linked
by undirected chains, so that once the schedule of one job of the component
is fixed, all the other jobs starting time are defined.

Given any job ¢ of a connected component, we can define for any other
job j of the same component the length L;; of an undirected chain from i to j,
with the property that in any feasible schedule S, s; = s; + L;;.

As we have a single machine, for all 7,5/, # j' in the connected com-
ponent of 4, L;; should be different from L;;;. We can then sort them by
increasing order (assuming L;; = 0). Let us consider ji,...,Jj, such that
Lij < Lij, < ... < L;j, and observe that there is an equivalent set of
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precedence constraints that leads to the same property of feasible schedules:
a path (ji1,j2), (2, J3), - - -, (Jy—1,Jy) with precedence delays such that :
14 =1L

JzJz41 bjz41 Livjz -1 Z O

Indeed in both cases, for any schedule and any z € {1,...,y— 1} we would
have s;_, —s;. =0 ;  +1

So each connected component of the precedence graph is equivalent to a
directed chain, and thus the instance can be reduced to a set of independent
directed chains.

(#4) If all delays are equal with unit processing time tasks then, in any
feasible instance, each node must have at most one predecessor and at most

one successor. So that it must be a set of disjoint chains. O

We prove the membership of 1|prec(tX),p; = 1|Cpnar < D parameterized
by the maximum delay value £,,,, to the XNLP Class for any type of delays
(X = min, maz, ex).

Proposition 6 For any delay type X in {min,ex,max}, decision problem
1prec(X)|Ciaz < D parameterized by Loz + w is in XNLP.

Proof To prove the XNLP membership, we need to produce a nondeterminis-
tic algorithm running in space logarithmic in the input size times some com-
putable function of parameters #,,,, and w. This means that the nondeter-
ministic algorithm works on an encoded version of the instance, so that it can
check whether a precedence arc exists between two tasks in polynomial time.
And, if it needs extra space to do some calculation, this extra space should be
of logarithmic size. Notice that the instance size is O(n? - log(pmaz)) Where n
is the number of jobs and p,,q; the maximum processing time.

Let us consider an instance Z of 1|prec({*)|Cyuax < D with n jobs, max-
imum delay value ¢,,,, and width w of the precedence graph. Let G be the
graph of precedence relations.

The proof is organized as follows. We first observe that the existence of
path between nodes can be checked by a nondeterministic polynomial-time
algorithm with logarithmic space. We then show that we can check in poly-
nomial time and logarithmic space whether the makespan constraint can be
ignored and show that, if it cannot be ignored, then the maximum idle time
of a schedule can be computed in polynomial time and encoded in logarithmic
space. Provided these pieces of information, we describe the nondeterministic
algorithm which builds a schedule (if there exists one). The logarithmic space
is ensured by only storing job starting and completion time offsets not greater
than £,,,,, with respect to the completion time of the current job, and not the
schedule in itself. We finally prove that the algorithm returns a YES instance
if and only if there exists a feasible schedule with makespan at most D.

Let us first remark that considering two nodes z,y of a directed graph,
determining whether there is a path from z to y can be done in O(log(n))
space and linear time by a nondeterministic algorithm - i.e. problem STCON
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is in class NL (Savitch, 1970). At each step this algorithm stores the index
of the last node of the current path and the number of nodes of the current
path, and an oracle gives the next node of the path. The algorithm just checks
whether the number of nodes is still less than n and that the final node is
indeed y.

Another remark is that, to satisfy the constraint C,,q, < D, we only have
to check that the idle time of the schedule is not greater than D — 3 Jieq Di-
If we have maximum delays, assuming D > > J,e Dis this can be always
satisfied since the schedules without idle times dominate the other schedules.
In the minimum delay or exact delay cases, if D—>" JiegDi > nlmae and there
exists a schedule S which fulfills the precedence delays, then C,,q.(S) < D.
So for minimum or exact delays we first show that a XNLP algorithm can be
built to check whether D — ZJieri > nlmaz-

To this purpose let us define Q = ZJieri + Mlpas — D. We show
that @ being negative can be checked in polynomial time and logarithmic
space. Indeed, let us remark that in order to sum (or subtract) O(n) signed
binary encoded numbers (using two’s complement), we just need a buffer
memory of O(log(n)) length to encode the carries. Indeed, iteratively, for
r=0,...,14+10g(n(Pmaz + maz) + D), we sum the (n + 2) 7" bits plus the
corresponding O(log(n)) bits of the carries issued by the previous iterations.
@ being negative simply results by the existence of a last and most significant
bit with value 1. Notice that if ) > 0, then Q" = D—3_;  ; p; can be encoded
in O(log(n) + log(fmas)) space. From now, in the case of minimum or exact
delays, if Q > 0 then we assume that @’ has been computed.

The nondeterministic algorithm builds a schedule from left to right in n
steps, scheduling a new job at each step. We call observation window the
time interval [t — €42, t] where ¢ is the completion time of the current partial
schedule. At each step the algorithm stores the following;:

— For each job J; completed in the current observation interval [t — a4, ],
the index of the task and the difference between ¢t and the completion time
t; =t — C; of J;. The space needed is thus O(l,q. (log(n) + log(lmaz))-

— The set M of maximal scheduled jobs (i.e. with no successor scheduled
yet), and for each J; € M its index and a boolean b; indicating whether it
completes more than ¢,,q, time units before t (e.g. if J; completes in the
observation interval then b; = 0). There are at most w jobs in M, which
form an antichain of the precedence graph. So the space needed to store M
is O(wlog(n)).

— In case of minimum or exact delays with ¢ > 0, an idleness time s repre-
senting the sum of idle times between consecutively scheduled jobs.

Now the algorithm uses an oracle that provides at each step:

— A job J; to be scheduled after the already scheduled tasks.

— In the case of minimum or exact delays, a non negative value e; < £p,qz
such that J; is scheduled at time t + e;, where ¢ is the completion time of
the current partial schedule. We assume that for the first scheduled task
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we have e; = 0. Notice that in the case of maximum delays, we also assume
e; = 0 for all J;.

— If the processing time of J; is greater than ¢,,,,, the binary piece of in-
formation information denoted by “p; > £,,4." is given, and otherwise the
processing time p; of J;.

Notice that the space requirement for the oracle information is O(log(n) +
log(4maz)), so it fits the requirements of class XNLP.

The algorithm then checks whether the selected job J; has not already
been scheduled (i.e. not an ancestor of a job in M and not a member of M)
and all its predecessors have been scheduled (i.e. they are an ancestor of a job
in M or a member of M). This can be done using the previous NL algorithm
for STCON O(n?) times.

The algorithm must then check whether J; can indeed be scheduled at
time t 4 e; without contradicting the precedence delays:

— For each J; predecessor of J; completed in the observation interval we check
whether t; + e; is:

— greater than or equal to ¢;; in the case of minimum delays,

— lower than or equal to ¢;; in the case of maximum delays,

— equal to £;; in the case of exact delays.

If any of these conditions is false, the algorithm returns NO.
— In case of maximum or exact delays:

— For each job J; in M such that b; =1 (e.g. not completed in the obser-
vation interval), if J; is a predecessor of J;, then the delay constraint
cannot be met and the algorithm returns NO.

— For each job Jj in the observation interval, we check whether there is a
successor Jjs of J; which collides with J; - or, in other words, whether
Ly <tj+e; +min({paq, pi)). In this case the precedence delay be-
tween J; and J; asks to start J;» before J; is completed, while it would
only start at the time J; is completed or after if we kept going. So the
algorithm returns NO.

Finally, if no infeasibility is detected, we must update information on the
current state.

— We update the schedule of the observation interval. If p; > £,,4, then
the next observation interval only contains J; with t; = 0. Otherwise,
for each J; currently in the observation interval, if ¢; + e; + pi > lan
then J; is removed from the observation interval. If not then ¢; is updated:
t; < t;+e +p;.

— To update M, we need to remove the predecessors of J; in M and add J;.

— To update the booleans, we first set b; = 0,t; = 0. If p; > £,,4, then all
booleans of jobs J; of M, j # i are set to b; = 1. Otherwise, if J; is
completed in the updated observation interval then b; = 0 else b; = 1.

— If @ > 0, idleness time s is updated to e; + s.

Once all tasks are scheduled:
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— in the case of maximum delays, or minimum or exact delays when @ < 0,
the algorithm returns YES,

— in the case of minimum or exact delays when @ > 0, it returns YES if and
only if s < @Q'.

Obviously, if there exists a feasible schedule with makespan not greater
than D, and if the oracle provides the jobs in this order with the right idle
time between then, then the algorithm will return YES. Conversely, if the
algorithm ends with a YES instance, let us show that a feasible schedule has
been built.

The single machine constraint is fulfilled since each job J; is scheduled
e; time units after the completion of the previous jobs on the machine, with
ei € [0,€maz]. We can also notice that the makespan constraint is satisfied
(provided that D > Y7 | p;). Indeed if we have maximum delays e; = 0 for
all 4. For minimum or exact delays when @) < 0 then any feasible schedule with
€; < lmaq satisfies the constraint. When @ > 0 we know that Y, e; < @,
so the makespan is not greater than D.

So we only have to check that all precedence constraints and their cor-
responding delays are met. Assume by contradiction that there is a con-
straint J; — J; which is not satisfied in the schedule build by the algorithm.
Notice that, according to the path verification step of the algorithm, the oracle
cannot schedule J; before J;. Let us denote by S; (resp. S;) the starting time
of J; (resp. J;) according to the algorithm.

Suppose we have maximum delays. We then assume that S;+p; +£; ; < S;.
Let J;+ be the task scheduled after J; and either in progress or completed at
time S; + p; + ¢; ; (it exists since there is no idle time in case of maximum
delays). Then, at the iteration where J;; was scheduled, J; was in the obser-
vation interval. So the algorithm checked and realized that J; would collide
with J;, and thus it should have returned NO.

Assume now we have minimum or exact delays. If S; +p; + ¢; ; > S; this
contradicts the fact that at, the iteration where J; was scheduled, J; being
in the observation interval at this step, the algorithm would have checked
and realized that the precedence delay was not satisfied. Finally, if we have
exact delays and S; + p; + ¢;; < S, this contradicts the fact that, at the
iteration J; was scheduled, J; being out of the observation interval at this
step, the algorithm would have returned NO. a

5 XNLP Hardness on General Precedence with Minimum Delays

In this section we consider single machine scheduling of unit-time jobs with
general precedence and equal delays of length ¢. We prove the following hard-
ness result:

Theorem 1 Decision problem 1|prec(t™™), £; ; = £,p; = 1|Cpazx < D is
XNLP-complete parameterized by lppqr + w.
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We propose a reduction from problem Plprec, p; = 1|Cpyae < D parameter-
ized by m+ w, which was proved XNLP-complete by Bodlaender et al. (2022).
Let I = (J,prec,m, D) be an instance of problem P|prec,p; = 1|Ciae < D
with 7 = (Jj)1<;<|7|- We build an instance I = (J’,prec’, D’) of problem
Lprec(f™™),¢; ; = £, p; = 1|Cpaz < D which will be feasible if and only if I
is feasible.

We propose to linearize the parallel machine instance. Each time unit in
the parallel machine setting is represented as a time segment with length the
number of available machines. By setting minimum delay value ¢ as the number
of machines, this guarantees that two jobs J;, J; related by precedence cannot
be scheduled in the same time segment of length ¢ - i.e. not at the same time
in the parallel identical machine setting.

Now this alone would not represent a parallel machine setting faithfully.
Indeed if J; — J; in the parallel machine setting then J; can be scheduled
on any machine in the time unit after the completion of job J;. If the time
segments are too close from each other in our single machine representation
then the precedence delays could forbid some time units in the next time
segment. One way to fix this is to separate the time segments by at least m
time units and add fill jobs in between.

We define our reduction the following way:

Definition 5

Given I = (J,prec,m, D) an instance of P|prec,p; = 1|Cpaz < D, we define
I' = (J',prec’, D') instance of 1|prec(t™™), 4; ; = £,p; = 1|Cpaz < D. We
set { =m and D' = (2D — 1) - (m + 1) + 1. We define the set of jobs J'" as J
plus the following jobs:

— skeleton jobs a;, 0 <7< 2D —1,
— fill jobs b; ;, 0<i<D—-20<j<m-—1

We set precedence graph prec’ as prec with minimum delay ¢ on every
precedence relation, plus the following relations:
—a; =5 a1, 0<i<2D -1,

¢ . .

- a2¢2—>bi,jZ—£>a2¢+3,0§z§D—2,0§j§m—1.

Note that among the added jobs you cannot find more than (m+1) of them

which are not related to each other by prec’. So the width w’ of precedence
graph prec’ is bounded by the width w of prec plus (m + 1).

Lemma 2 In any feasible schedule S’ of I':

(1) S'(a;)) =i-(m+1) forall0<i<2D—1,
(1) (2t+1)-(m—+1) < S(b;;) <(20+2)-(m+1) forall0<i<D—2 and
0<j3<m-—1.

Proof (i) Let 0 <4 < 2D — 1. If job a; is scheduled earlier than i - (m + 1) in
S’ then job ag would have to be scheduled at a time earlier than 0, which is
not possible. And if a; is scheduled later than i-(m+ 1) then job asp_1 would
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Fig. 1 Illustration of skeleton jobs and fill jobs with general precedence

have to be scheduled at a time later than 2D - (m + 1) — m, i.e. at deadline D’
or later. So necessarily S’(a;) =i- (m+1).

(13) Let 0 < ¢ < D — 2 and consider fill job b; ; for any j. The result
is directly inferred from point (i) and the fact that as; (resp. asg;4+3) is a
predecessor (resp. successor) of b; ;. O

Proposition 7 Instance I is feasible if and only if instance I' is feasible.

Proof Let us name the machines from 1 to m arbitrarily.

( <= ) Let S’ be a feasible schedule of I'. By Lemma 2 skeleton jobs
and fill jobs fully occupy times 0, D’ — 1 and time intervals of the form
(21 +1)-(m+1),(2¢+2)- (m+1)] with 0 <7 < D — 2. So given a job J;
from J, S'(j) is necessarily of the form 2i-(m + 1)+ k with0<i< D —1
and 1 < k < m. We propose schedule S on instance I where job J; would
then be scheduled at time ¢ on machine k. Since S’ is feasible this guarantees
that there is at most one job per couple (time unit, machine). Plus if we had

J; i J; in I' then, in schedule S’, J; was scheduled at a later time segment
of length m than J;. So, in schedule S, J; is scheduled at a later date than J;
and precedence relation J; — J; is met. Thus S is feasible.

(=) Let S be a feasible schedule of I. We propose schedule S’ defined
the following way:

— for every job J; in J if it was scheduled on machine i then we set S’(j) =
25() - (m+1) +1,

— Sa;)=i-(m+1)forall 0 <i<2D -1,

— S'(b; ;) =(2i+1)-(m+1)+(j+1)forall0<i < D—-2and 0 < j <m—1.
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We show that S’ is feasible. First note that skeleton jobs and fill jobs do
not interfere with each other or with the jobs from 7. Now since S is fea-
sible there is at most one job J; per couple (time unit, machine). Plus ev-
ery job J; is scheduled earlier than D in S, so it is scheduled earlier than
time 2(D—1)-(m+1)4+m+1=D"—1in 5"

Now only precedence relations are left. The concerned skeletons jobs and
fill jobs are placed at least m + 1 = ¢ + 1 time units from each other, so no
issue with them. Now given two jobs J;, J; from J such that J; — J; they are
respectively scheduled in time segments [25(¢) - (m+1)+1,25(2) - (m+1) +m)]
and [25(j) - (m + 1) +1,25(j) - (m + 1) + m]. So their relative position is
preserved and they are at least m + 2 = £ + 2 time units from each other. So
the precedence constraint - minimum delay included - is fulfilled. Thus S’ is
feasible. O

This concludes the XNLP-hardness proof of the corresponding parameter-
ized problem.

6 XNLP Hardness on Chains with Minimum Delays

In this section we restrict to chains of precedence but we consider now two
possible values of delays: 0 and ¢. We show that the parameterized problem
with respect to £,,4,; + w remains hard:

Theorem 2 Decision problem 1|chains(¢™™),¢; ; € {0,0},p; = 1|Crpax < D
is XNLP-complete parameterized by £y qq. + w.

Membership follows from Proposition 6. To prove XNLP-hardness, we re-
duce from the instances of problem P|prec, p; = 1|Cpaz < D which were used
by Bodlaender et al. (2022) to prove that the problem is XNLP-complete pa-
rameterized by m + w.

The proof by Bodlaender et al. (2022) used a reduction from another
XNLP-complete problem called ACCEPTING NNCCM, which stands for Non-
deterministic Nondecreasing Checking Counter Machine. We recall that in-
stance x of the latter problem is a 3-tuple (k,n,s) where k is the number
of counters - and the parameter -, n is the positive integer upper bound
on all counter ranges, and s is a sequence of 4-tuples (i1,i2,n1,n2) called
checks, where positive integers 1,42 are counter indexes and nonnegative in-
tegers ni,ny are counter values. The Counter Machine accepts the instance if,
considering the machine rules (which are out of the scope of our paper), for
each check (i1,1i2,n1,n2) the two counters 41,42 cannot have the values ny,ng
simultaneously. They proposed an instance I of Plprec,p; = 1|Cae < D
which is feasible if and only x is a YES instance of ACCEPTING NNCCM.
Below is the definition of instance I. We also recall the main arguments that
led to this instance, in order to transpose them in the context of precedence
delays:
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Definition 6 (Bodlaender et al., 2022) Given x = (k,n,s) instance of AC-
CEPTING NNCCM, we define I = (J,prec,m, D) an instance of problem
Plprec,p; = 1|Cpqer < D the following way. Let r be the length of sequence
s (number of checks) and ¢ = (kn + 1)(n + 1). We set the number of ma-
chines m = 2k + 1 and deadline D =rc+n + 1.

Instance I contains:

— a chain of time sequence jobs ag = a; — ... > ap_1
As the deadline is D, this implies that in any feasible schedule, a; is
scheduled at time t, for 0 <t < D — 1.

— We define critical time units ¢* such that t* mod (n + 1) = n.

— For each critical time unit t*, there are £ — 1 time indicator tasks bﬁf),

1 <z <k —1, and chained so that a;_; — bgf) — Qg

This implies that in any feasible schedule, at each critical time t* k
machines are used for a;~ and all indicator tasks bgf).

— k chains of counter sequence jobs CEZ), 1<i<k 0<t<D-n-1, with

S L
The counter sequence jobs have more flexibility than time sequence jobs:
along a counter sequence chain (cgl))t with fixed i, there are n time
units in [0, D) where no task of the chain is performed. One of the key
arguments is that if the time interval is decomposed in u consecutive
intervals, then if u > kn, there will be at least one interval in which at
each time t of this interval a task of each counter sequence is performed.

— for the j** check (41,42, n1,n2) in sequence s, 1 < j < r: check jobs diil_)m

and dgiz_)nz for any critical t*, with the precedence relations:

A s d sl and P s d®) R
Consider a time interval where at each time a job of each counter se-
quence jobs is performed. The precedence relations implies that if t* is

)

a critical time unit of this interval for which a check job dgi is per-

formed then it is performed at the same time as cgi). So, at time t*

are performed k — 1 indicator tasks bgf), one time sequence job ay and
k counter jobs. This fills 2k machines. As there are only 2k + 1 ma-

chines, there is no check (i1,142,n1,n2) such that both check jobs diil_)m

and dgf_)nz are performed at time t*.
The reduction was proved correct by Bodlaender et al.:

Proposition 8 (Bodlaender et al., 2022) I is feasible if and only if x is a
YES instance of ACCEPTING NNCCM.

Note that in instance I, without the time indicators and the check jobs,
the precedence graph would be a union of chains. So we show how to replicate
such gadgets with chains and two distinct delay values - 0 and ¢ = m.

We build a reduction from instance I to an instance I’ of our problem
1 chains(€™™),€; ; € {0,£},pj = 1|Cpae < D'. Instance I’ contains k + 2
chains described as skeleton chain, fill chain, and k counter-check chains.
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We first start by defining the chains associated to the time indicators and
time sequence jobs. The purpose of time indicators in [ is to have m — k
available machines at critical time units instead of m — 1 everywhere else. So
we propose to replicate this effect with two chains. First as in Section 5 a chain
of ”skeleton” jobs will have no leeway and help delimit the time intervals. Then
a second chain will cover every other time interval with fill jobs.

We now define more accurately skeleton jobs and fill jobs:

Definition 7 Given an instance I = (J,prec,m, D) as described in Defini-

tion 6, we define skeleton jobs and fill jobs in instance I’. We set £ = m = 2k+1

and D' =(2m+2)-D+r(kn+1)(k—1) + 1.

— for any 0 < 8 < D — 1, we define skeleton jobs egg, €21, plus k — 1 extra
jobs eé?ﬂ if 8 is critical (1 <a <k —1), and a final skeleton job esp,

— skeleton jobs are chained as follows

B {ezg =N 6glﬁ)+1 =% (..) 2% g’;_:l) =N eap41 if B is critical, }

€23 —> €28+1 otherwise
0<p<D-1,
>¢
— €341 —> €542, 0 < B <D -1,
— we define fill jobs fg;, 0 < 3 <D —1,0 < j < m plus k —1 extra jobs
f[(f) if 8 is critical (1 <z <k-—1),
— fill jobs are chained as follows:
- fgjﬁfﬁj+1,0<ﬁ<D—1 0<j<m-—2,
oot = £ 2% () 2 D 2% £y if B s critical,
fam—1 —> fa,m otherwise ’
0 S B S D — ]-7
>0
- fﬂﬂn — fﬂ—i—l,Oa 0 < /8 < D —2.

We now define a sequence of particular time units,(ug)o<g<p—1 that will be
useful to analyze the behavior of skeleton jobs and fill jobs together:

Definition 8 Let 8 € [0, D]. We define uy = 0,

ug+2m+2+k—114 is critical
wsr = { /5 1)

ug + 2m + 2 otherwise

So ug is equal to (2m+2)- 8 plus (k— 1) times the number of critical time
units prior to 3.

Figure 2 (resp. 3) illustrates how a noncritical (resp. critical) time unit in
instance I is simulated in instance I’. Now we show that skeleton jobs and fill
jobs work as intended:

Lemma 3 In any feasible schedule of instance I' skeleton job eap_o must be
scheduled at time D' — 1. The other skeleton jobs and the fill jobs must be
scheduled at - and fully cover - the time units in:

{ [ug,ug + m+kJ U [ugy1 — k,ugt1 — 1] if B is critical,

<B<D.
[ug, ug +m +1]U{ugi1 — 1} otherwise }’ 0<p=<D
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Fig. 2 Illustration of skeleton jobs and fill jobs with precedence chains in the case of a
noncritical time unit 8. The precedence relations with no label have minimum delay 0
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Fig. 3 Illustration of skeleton jobs and fill jobs with precedence chains in the case of a
critical time unit 5. The precedence relations with no label have minimum delay 0

Proof Let S’ be a feasible schedule of I’. First we show that for all 0 < 8 < D
skeleton job egg is scheduled at time ug. The definition of prec’ infers that
S (eap42) — S’ (e2p) is at least (2m+2) if f is not critical and (2m+2+(k—1))
otherwise. Then by direct induction on f it means that epg must be scheduled
at time ug or later. By contradiction if one of these skeleton jobs is scheduled
strictly later, by direct induction on /3 job eag would be scheduled later than
up = (2m+2)-D+r(kn+1)(k—1) = D' — 1 - contradicting the feasibility
of §’. Thus skeleton jobs of the form esg are scheduled at time ug.

Next we infer the starting time of the remaining skeleton jobs. Let
0<B< D-—1.1If B is critical then, as it is shown in Figure 3, the prece-
dence delays in prec’ imply that for all 1 <7 < k—1, S’(egﬁ)ﬂ) =ug+m-+1,
and S’ (ezp+1) = ug+m-+k. Otherwise, they imply that S’ (ezg41) = ug+m+1
- as we can see in Figure 2.

Finally we infer the starting time of all fill jobs in a similar fashion: we show
that the wanted times are the minimal ones, and that scheduling any of our jobs
strictly later would make the last job in the chain to be scheduled later than
D’ —1. We get that jobs fzo to fa,m—1 cover time interval [ug+1,ug+m]. If 8
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is critical then, as it is shown in Figure 3, for all 1 <@ < k—1, S'(f{") = ug+
2m+i =ugi1— (k+1—1), and S'(f3,m) = ug+2m—+k = ugy1 — 1. Otherwise
S (fa.m) =us+2m+k =wugy1 — 1 - see Figure 2. 0

This means that within each time interval [ug,ugy1) only the time units
in [ug+m+k+1,us + 2m| are available for other jobs if § is critical and
in [ug + m + 2,ug + 2m| otherwise. This successfully leaves exactly m — k
consecutive available time units if 3 is critical and m — 1 of them otherwise.

We now define in instance I’ the chain of check jobs and counter sequence
jobs:

Definition 9 To skeleton chain and fill jobs chain are added in I':

— counter sequence jobs &Ei) and check jobs dﬁ“ replicas of the jobs cgi),dgi)
given in Definition 6.
— k chains with counter sequence jobs and check jobs:

~(1) 20 5(6) 2 ~(3) .. 5G) .
el A EY Y B R
G’ = otherwise

We check that our parameters ¢,,,, and w are respectively bounded by a
function of m in instance I'. £ is equal to m. Plus there are exactly k+2 = mTH
chains in I’: k chains with counter sequence job and check job replicas, one with
the skeleton jobs and one with the fill jobs. So both parameters are bounded
by a function of m.

To complete the proof of Theorem 2, we prove that the definition of I’ is
a valid reduction:

Proposition 9 Instance I is feasible if and only if instance I' is feasible.

Proof Name the machines from 1 to m arbitrarily.

(<= ) Let S’ be a feasible schedule of I'. By Lemma 3 all counter sequence
job (resp. check job) replicas 6@ (resp. Jﬁi)) are scheduled in time intervals
of the form [ug + m + k + 1,ug + 2m| when 8 € [0,D — 1] is critical and
in [ug + m + 2,ug + 2m] otherwise. So their starting time is of the form
ug + 2m — j' for some ' € [0,D — 1], j/ € [1,m — k] if 8’ is critical and
j" € [1,m — 1] otherwise.

We propose schedule S of instance I where every original job cgi) or dgi)
is scheduled at time 3’ on machine j'. And all time sequence jobs and time
indicators are scheduled at their only acceptable time unit. Since S’ is feasible
there are at most m — k jobs scheduled at any critical time and at most m — 1
jobs at any other time unit in S. Plus prec restricted to selector paths and
gadgets is included in prec’, so all precedence constraints are met in S. We
conclude that S is feasible.

(=) Let S be a feasible schedule of I. Without loss of generality we can

assume that, in schedule S, a check job dgi) is always performed by a machine

of lower index than the corresponding counter sequence job cgi). We propose
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schedule S’ of instance I’ where if job cgi) (resp. dgi)) is scheduled at time § on
machine j’ in S then replica 5?) (resp. Jil)) is scheduled at time ug +2m — j’.
And all skeleton/fill jobs are scheduled at their only acceptable time unit
accordingly to the proof of Lemma 3.

Since S is feasible all replicas 67@, Jf) are scheduled at different times and

they do not conflict with skeleton/fill jobs. Then according to prec only the

precedence constraints of the form 6§i) =N Jﬁ“ remain to be checked. Such

precedence relations were taken care of by our hypothesis on schedule S at the
beginning. We conclude that S’ is feasible. O

By combining Propositions 8 and 9 this concludes the XNLP-hardness
proof of the corresponding parameterized problem.

7 A Fixed-parameter Tractable Algorithm Parameterized by the
Maximum Delay Value Combined with the Slack

In this section we consider problem 1|prec(¢™™, (™) r; d;|* where all three
precedence delay types are available and each job has a time window [r;, d;).
This problem is para-NP-hard with respect to slack o - see e.g. Mallem et al.
(2022) - or maximum delay value £,q, - see Engels (2000) in the case of
minimum delays and Section 3 in the case of exact delays. We show that
this problem becomes fixed-parameter tractable when both parameters are
combined.

Theorem 3 1|prec({™", (™) r; d;|x (i.e. with all three precedence delay
types combined) parameterized by o + lppas s in FPT.

We consider here an instance I of the decision problem 1|prec(¢; ;),r;, d;|*
assuming a general precedence graph, precedence delays of all three types in
the instance and any processing time of jobs. Stage a of the dynamic program-
ming scheme corresponds to the a!” task to be scheduled in order from left to
right. In a state u of stage « the following items are stored:

) the a!” task to be scheduled, denoted by j(u);

) its completion time c(u) = Cj(y);

) the set A(u) of scheduled tasks ¢ for which d; > c(u);

) a partial schedule S(u) of time interval [c(u) — €maz, c(u)), describing all
jobs that complete in this interval and their completion times.

(a
(b
(c
(d
Definition 10 A state u is valid if there exists a feasible schedule of all jobs
of A(u)U{j(u)}U{i,d; < e(u)} that coincides in its last time interval with S(u).
We denote by V, the set of valid states of stage o and by N, the subset of
jobs j(u) for which there exists a valid state u of stage «.

We now define the transitions between consecutive stages, which corre-
spond to the edges of a multi-stage graph G;. Let u be a valid state of stage
«a — 1. To build a valid successor v of stage a we:
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— choose j(v) such that j(v) is unscheduled, has no predecessor, or any pre-
decessor k of j(v) is completed before c(u) in u: k € A(u) or di < c(u);

— choose a completion time c¢(v) for j(v) within the time interval of j(v)

satisfying precedence constraints and resource requirements;

check that a job k with dj < ¢(v) does not remain unscheduled (otherwise

v is discarded);
then A(v) and S(v) can be deduced from j(v), A(u) and S(u).

Definition 11 Our dynamic programming algorithm builds the graph
stage by stage, starting from an initial state with an empty schedule. At each
stage o — 1 we consider each state u and generate only valid successors of u in
stage a. Once a successor v is generated by appending a task, the algorithm
checks whether the state has already been created, and if not it appends v to
the list of states of stage a. The instance is feasible if and only if there is a
valid state of stage n.

Let us now analyze the complexity of this algorithm, by bounding the
number of nodes and arcs and the construction of successors of a state. We
first assume that a preprocessing is done in O(n-log(n)) that sorts the release
times and deadlines by nondecreasing order. Then for each date the set of
available tasks is computed. There are O(o - n) dates with a nonempty set of
tasks. All these sets can be computed in time O(o - n) by going through the
previously computed list of ordered release date and deadline values. Finally
we also assume that for each deadline ¢, the set of the at most p+ 1 tasks that
crosses time unit ¢ — 1 has been preprocessed in time O(u - n).

7.1 Number of Tasks Crossing a Time Interval

We first prove the following lemma which bounds the number of tasks that
are relevant to a time interval in a feasible instance.

Lemma 4 Consider a feasible instance of 1|prec({; ;),r;, d;|*. Given a time
interval of length T', the number of tasks whose time window intersect with this
interval is bounded by 2+ T'.

Proof Let [t,t + T) be this interval. If T = 1 then the result holds by the
definition of pathwidth u. Now suppose T' > 2. Given a task j whose time
window [r;,d;) intersects [t,t 4+ T), at least one time unit in [t,t+7") must be
included in [rj,d;).

— If time ¢ or time ¢ + 7" — 1lis included in [r;, d;): by the definition of path-
width g the number of such tasks is bounded by p + 1.

— Otherwise, if a time ¢’ € (¢,t+T — 1) is included in [r;, d;): the whole time
window of task j must be included in time interval [t +1,¢+ T — 2]. By
the pigeonhole principle the number of such tasks is bounded by the length
of the interval, which is 7' — 2, if the instance is feasible.
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In total the number of such tasks is bounded by (u+ 1)+ (p+ 1)+ (T — 2),
which sums up to 2u + 7. O

We now show that in a feasible instance the number of valid couples («, j)
isin O((p+ o) - n).

Lemma 5 >, ., |Nol < [2u+0+1]-n.

Proof We show that each task appears in at most 2+ 1 4 o stages. We do so
by bounding the indices o where a task j can appear.

— Lower bound: let Y; be the set of tasks with a deadline not greater than r;.
Then in any feasible schedule all these tasks must be scheduled before j.
This means that o must be greater than |Y}].

— Upper bound: let ¢ be a task scheduled before j in some feasible sched-
ule. Then ¢ must be completed before the latest starting time of j, which
is bounded by 7; + 0. Now, if ¢ ¢ Y} then d; must be greater than r;.
This means that the time window of task i intersects with time inter-
val [rj,r; + o) of length 0. By Lemma 4 the number of such task ¢ not
included in Yj is bounded by 2u + o. Thus in any feasible schedule task j
must appear in a stage a not greater than |Y;| + 2y + o + 1.

Hence a task j can appear in at most 2y + o 41 different stages o. This means
that each task is included in at most 2u+ o + 1 different sets N,. This bounds
the sum of their sizes by the wanted value. a

Then we use Lemma 5 to bound the total number of states:

Proposition 10 The number of valid states of stage o satisfies:
Val < [Nal - f(0, binaa)

where f(0,bmaz) = (0 + 1) - 2271 (40 + L0 ) o= TL. The total number of
states is bounded by (50 + 1) - f(0,lmaz) - 1.

Proof First we prove the first part of the proposition part by part:

(a) By definition of N, the number of possible tasks j(u) of a state u of stage
a is bounded by |N,|.

(b) For a given j(u), by definition of slack o there are at most o + 1 possible
completion times for j(u).

(c) If ajob i is in A(u), it was scheduled before j(u) but time slot ¢(u) is part
of [r;, d;).By the definition of pathwidth x there can only be at most p+ 1
of such jobs. This bounds the number of possible sets A(u) by 2#1.

(d) A partial schedule of length £,,4, is stored. Thus once c(u) is set (from
parts (a) and (b)), by Lemma 4 there are at most 2+ £,,4, different tasks
which can appear in these partial schedules. For each of these tasks there
are at most 4, + 1 choices: either not be part of the partial schedule or
have its completion time at one of the #,,,,, times in this interval. Thus the
number of such partial schedules is bounded by (24 4 £,,45 ) me=+1.
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Now if we add them up with all stages «, we get the same expression,
except with (37, -, <, [Na|) as a factor instead of | N,|. By Lemma 5 this sum
is bounded by (2 + o 4+ 1) - n. Thus the total number of states is bounded
by [2u+0+1]- (0 +1)-28F - (2u+ Lyaq ) o=t n. Finally applying Result 1
to the three occurrences of u in this expression concludes the proof. a

7.2 Successor Generation

We show that the outdegree of any node in G is bounded and establish the
complexity of generating successors of a state.

Lemma 6 If u is a valid state of stage o — 1.

— There are at most + 1 jobs that can be chosen as j(v) for a valid succes-
sor v of u. The set of these jobs can be computed in O(u -log(u)) time.

— There are at most o + 1 possible values of c¢(v) once j(v) is chosen.

— Checking whether the choice (j(v),c(v)) is consistent with time windows
and precedence constraints induced by u and that v is a valid state can be
done in O((imaz + 0)log(o)) time.

— Comparing v to already created states can be done in O(log(|Va])) time.

So, the generation of all valid successors of a valid state u of stage o —1 is in
O (log(|Val) - 02 (lmax + o) - log(c)) time.

Proof Let us consider the least deadline d;, of an unscheduled job jo . To com-
pute d;, it is sufficient to search within the sorted deadlines of jobs starting
from the one next to ¢(u) (which can be stored with «). We can search sequen-
tially the next deadlines from c(u) and for each such task k decide whether it
is unscheduled (checking if ri > c(u) (it is unscheduled) or if it is in A(u)).
Checking if a job is in A(u) can be done in O(log(p)) with appropriate data
structure. At most p + 1 jobs will be checked before finding an unscheduled
job if any (since all scheduled jobs have a time window crossing c(u)).

Once jj is found, if another candidate ¢ was chosen instead to extend u, then
it would be completed before j in a valid schedule. Thus r; < d;,. Plus by the
definition of jo we also have d;, < d;. This means that time d;, — 1 is included
in the time window of all candidates i. By the definition of pathwidth g this
bounds the number of candidates to extend u by p + 1. Our pre-processing
then gives the set of candidates.

Assume we have chosen a job j(v) among these candidates. There are
then at most o + 1 possible starting times for j(v). Let us choose ¢(v) among
these possibilities. Notice that we can scan the possible interval by storing at
each step the next and previous deadline of c¢(v). We now have to check the
remaining wanted properties.

1. j(v) is unscheduled. As mentioned previously this costs O(log(p)) time.
2. dj(w) = Pjw) 2 max(rj(), ¢(v)).
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3. All jobs i with d; < ¢(v) have been scheduled: we just have to check the
deadlines from ¢(v) by decreasing order to ¢(u), and check whether all such
jobs i are in A(u). At most p + 1 such jobs have been already scheduled
since then c(u) is in their time window, so the check will take at most
O(plog(u)) time.

4. We must check that all predecessors of j(v) have been scheduled. If a
predecessor k of j(v) was unscheduled then according to the previous check
it would satisfy dy > ¢(v). We can assume that deadlines and release times
are consistent with the precedence relations - i.e. if a — b then r, < 1y
and d, < dp. So we would have rp < rj(,) < c(v) < di < dj(v)- Scanning
the deadlines from c(v) to dj(,) we can check whether the corresponding
jobs are predecessors (with minimal and exact delays) of j(v) and belong
to A(v). according to Lemma 4 there are at most 2(u + 1) + o such tasks.
The time complexity of this check is O((2(n + 1) + o)log(w)).

5. We must satisfy precedence constraints on j(v). Notice that if k£ completes
before c¢(u) — pmas, either the constraints cannot be satisfied for exact
and maximum delay, or they do not impact the starting time of j(v) for
minimum delay.

So we can consider the list of jobs k in S(u), check (in O(1) time) whether k
is an ancestor of j and compute ¢, = Ck + p(k) + {4 ). If the de-
lay is exact (resp. minimum, maximum) we check whether c(v) = t;
(resp. ¢(v) > tg, c(v) < t). Finally we check that all ancestors of j(v) as-
sociated with a maximum or exact delay have been visited - otherwise this
would lead to a feasible schedule. All this can be done in polynomial time.

6. Finally, checking whether a state v has already been created suppose that
all states in V,, are stored in an appropriate data structure, using an en-
coding of the state. Then this check could be done in O(log(|Vy|)) time.

Then bounding p with 20 using Result 1 concludes the proof. a

We now establish that the algorithm is fixed parameter tractable.

Proposition 11 The proposed dynamic programming algorithm is correct and
runs in fized-parameter tractable time with respect to parameters o and pqy -
Its time complexity is:

O*((U + Emcm)ﬁ ' l092(0' + Zmaw) . 220+1 . (40' + Emaa:)zmam-i_l).

Proof Correctness is ensured by the definition of valid states and by Lemma 6.
Now let us consider the time complexity of our algorithm. From Proposition 10
we know that |V,| < |Nu|f(0, lmaz). And the algorithm generates successors
of all sates of a stage. We can then, according to Lemma 6, state that the time
complexity of the dynamic programming algorithm is in:

o* (0’2 . ('gmaq; + 0') . log(a) . (Z |Voc—1|l09(|va|))> .
a=1
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But log(|Val|) < log(|Nul|) + log(f (o, lmaz)). We deduce that:
Z Va1llog(|Val) <

f(o—7£maz : < Z|Na 1|lOg(|N D)"‘lo.g( maz Z|Na 1 >

a=1

Now, >0, [Na—1llog(|Na|) < (320 _ |Nal)? And we know from Lemma 5
that this is bounded by (50 + 1)2 - n%. So we get the overall time complexity
O(h(0, bimaz) - n?) by setting h(o, laz) =

(02 “(lbmaz +0) - 10g(0')> (0, maz) - [(50 + 1)2 + (50 + 1) - log(f(7, £maz))]-
Now log(f (0, lmaz)) is in O((0 + lase) - l0g(o + lmas)), so that:
h(O’, gmam) S A . (U + gmam)ﬁ : logz(a + gmam) : 22U+1 : (40 + gmam)gnmerl

where A is a constant. Notice that the bounding done here is quite raw, since
the aim is not to have the most accurate complexity but only to prove that
the algorithm runs in fixed-parameter tractable time.

O

8 Conclusion

In this paper we investigated the parameterized complexity of single machine
scheduling problems with bounded precedence delay thresholds. We studied
three delay types - exact, maximum and minimum - both in the cases of
a general precedence graph and of chains of precedence. We considered the
maximum delay threshold value /¢,,,, as a parameter, both as is and com-
bined with either the width w of the precedence graph or the slack ¢ of the
tasks in the input instance. With parameter ¢,,,,, in the general precedence
graph case, we showed the problem to be difficult for all three delay types
even with unit-time tasks. In the case of precedence chains, we unveiled key
differences between the delay types on some subproblems. Then, with parame-
ter ({maet+w), we established that most subproblems with exact delays become
easier, while with minimum delays they remain XNLP-complete. Finally, with
parameter ({,,q. + o) and the addition of job time windows to the problem,
we proposed a fixed-parameter tractable algorithm with all three delay types
combined.

Although significant progress has been made in the parameterized land-
scape of our problem, some key parts of it remain open. First, with param-
eter £,nq: and minimum delays, it is unclear for which classes the cases with
unit-time jobs are complete. In fact, it is a longstanding open question whether
these subproblems are para-NP-complete with respect to £, - see e.g. Engels
(2000). Although we made a breakthrough by showing XNLP-hardness, this
is yet to be answered.
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Second, when it comes to parameter (€4 + w), the analysis could be
refined for exact and maximum delays - namely we only obtained member-
ship results. With exact delays, we believe that the cases shown to be in W[1]
are actually W[1]-complete. This would make them equivalent to the prob-
lem studied by Bodlaender and van der Wegen (2020), essentially showing
that adding chain time windows and allowing unbounded delays in unary
to our problem would not inherently change its parameterized complexity
with respect to w. With maximum delays, recalling its proximity with k-
DIRECTED BANDWIDTH and the fact that &~-BANDWIDTH was recently
proved XNLP-complete (Bodlaender et al., 2022), we expect our problem to
be XNLP-complete too.

Lastly, although we managed to yield a fixed-parameter tractable algorithm
with parameter (£,,4,+0), it is unclear whether a similar approach would work
with parameter ({yq. + 1). Indeed the main challenge would be to circum-
vent the fact that the number of possible starting times per job is no longer
bounded - a key hypothesis to make the algorithm fixed-parameter tractable.
If successful, this would complement the fixed-parameter tractable algorithms
found on the same problem but with no precedence delays with respect to u
(Hanen et al., 2022) and on parallel identical machines with unit-time jobs
with respect to ({pmas + 1) (Mallem et al., 2022).
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