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Abstract
In this paper we study scheduling problems with release times, deadlines
and precedence constraints where the objective is to minimize the makespan.
We study both the single machine setting with arbitrary processing times
and the parallel identical machine setting with unit processing times. We
analyze the problem from the parameterized complexity point of view and
propose proper level q as a parameter, which is the maximum number of time
windows [rj, dj) that strictly include a time window [ri, di) on both ends.

Under a natural assumption which we call prec-consistency, we propose
several variants to the well-known ”earliest deadline” dominance rule on both
settings. On the single machine setting we show that this leads to fixed-
parameter tractable algorithm with respect to proper level q. On the other
hand, we show that the parallel identical machine setting with unit processing
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times is unlikely to have fixed-parameter tractable algorithms with respect
to the proper level, even when restricted to instances with either a fixed
makespan threshold or bounded precedence width.
Keywords: parameterized complexity, scheduling, single machine, parallel
identical machines

1. Introduction

Parameterized complexity theory has recently been widely used to study
scheduling problems [15, 16, 22]. Given a parameter k, a problem is called
fixed-parameter tractable (FPT) parameterized by k if any of its instances I
can be solved in time O(f(k)·poly(|I|)) with f an arbitrary computable func-
tion and |I| the instance size [7]. Then such a problem is considered tractable
in the sense that the superpolynomial dependency on the time complexity is
independent from the instance size. When the studied problem is believed
to not be FPT, many complexity classes are available as parameterized ana-
logues to NP like para-NP or the W-hierarchy [8, 11].

When parameterized complexity was first applied to scheduling, most
results went against the existence of FPT algorithms with the studied prob-
lems and parameters. For example Bodlaender and Fellows showed that
P |prec, pj = 1|Cmax is W[2]-hard parameterized by the number m of ma-
chines [3]. This result was later improved to XNLP-completeness when the
number of machines is paired with precedence width w [4]. One way to
respond to such negative results is to introduce job time windows to the con-
sidered scheduling problem. While the base problem usually becomes harder,
this opens up a larger choice of parameters which are especially useful to con-
trol the enumeration of schedules.

Two parameters have been prominent when considering scheduling prob-
lems with time windows. First, slack σ - which is defined as the maxi-
mum difference between the processing time of a job and its time window
length - was successfully used in the context of identical parallel machine
scheduling [6, 29] and single machine scheduling with setup times, and rejec-
tion [1]. When tackling the Resource-Constrained Project Scheduling Prob-
lem (RCPSP) in [28], van Bevern et al. inferred release dates from the prece-
dence graph and showed that RCPSP is FPT parameterized by precedence
width w combined with slack σ. Second, pathwidth µ is the maximum num-
ber of overlapping job time windows at any given time. Several problems with

2



arbitrary processing times and/or precedence constraints have been recently
proved FPT parameterized by µ [17, 21], mostly when paired with either slack
σ [1, 29] or maximum processing time pmax [13, 27]. When pairing pathwidth
µ with no other parameter, FPT algorithms with respect to have been found
for several strongly NP-hard problems - notably 1|prec, rj, dj|Cmax [14] and
P |prec, pj = 1, rj, dj|Cmax [23]. Paired with a recent para-NP-completeness
result on problem P2|rj, dj|Cmax [13], this has led to a comprehensive param-
eterized classification of scheduling problems with respect to µ - see Figure 1,
which is extracted from [20].

Despite the recent success with pathwidth µ, it is worth noting that this
parameter can overestimate the instance difficulty at times. Indeed when
all jobs have the same time window the instance would be expected to be
among the easier ones - especially linear time solvable in the single-machine
case - yet it has maximum pathwidth. So, instead of considering all time
window overlaps, the proper level introduced in [22] tracks whenever a time
window [rj, dj) strictly includes another time window [ri, di) on both ends.
And it only accounts for such time window overlaps. When this is the case
we say that job j surrounds job i. Proper level q is the maximum number
of jobs j which can surround a job i. This definition of q is inspired from
the graph classification work by Proskurowski and Telle in [24] where the
q-proper graph classes were defined. Instead of a graph, this is applied to
the interval model given by the job time windows.

In this paper problems 1|prec, rj, dj|Cmax and P |prec, pj = 1, rj, dj|Cmax,
which were both shown to be FPT parameterized by pathwidth µ, are con-
sidered. We establish whether they are FPT parameterized by proper level q.
This work is an extended version of the paper presented at conference ISCO
2024 [22], which focused on the single-machine setting and proposed a FPT
algorithm for it. Here we also study problem P |prec, pj = 1, rj, dj|Cmax. We
establish dominance rules for the general case and the case where the prece-
dence graph is an outforest. Yet we manage to prove that this problem is
para-NP-hard with respect to proper level q in the general case. This puts
proper level q in stark contrast to pathwidth µ as a parameter.

The paper is organized as follows: in Section 2 we give the necessary
preliminaries to our approach. In Section 3 we present our variants to the
earliest deadline rule. We recall the weak earliest deadline introduced in [22]
and recall the properties of the schedules which follow this dominance rule
on problem 1|prec, rj, dj|Cmax. We take inspiration from this rule to define
a parallel-machine variant which leads to a subset of dominant schedules on
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Figure 1: Parameterized complexity of scheduling problems with time windows with re-
spect to pathwidth µ. Problems in blue can be solved in polynomial time, problems in
green are FPT parameterized by µ and, unless P = NP, problems in red are not FPT
with respect to µ. Arcs between problems represent inclusion relations, with each label
indicating the changed property.

problem P |prec, pj = 1, rj, dj|Cmax. In Section 4 we focus on the single-
machine setting. We present the dynamic programming algorithm proposed
in [22], which computes the minimum makespan by only exploring the dom-
inating scheduling prefixes. We show that this can be achieved in FPT time
when parameterized by q. Then we present several variants of this algorithm,
including one with a space complexity independent from the total number
of jobs. Finally in Section 5 we consider problem P |prec, pj = 1, rj, dj|Cmax
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and we show that it is unlikely to have fixed-parameter tractable algorithms
with respect to the proper level, even when combined with either a fixed
makespan threshold or a bounded precedence width.

2. Preliminaries

First we define our two studied scheduling problems. We consider a set
of n jobs J = {1, . . . , n} to be scheduled on a set of machines. Each ma-
chine can only process one job at a time. Each job j has a processing time
pj ∈ N and a time window [rj, dj) with rj, dj ∈ N0 and rj < dj. Job j cannot
start earlier than its release date rj and must be completed no later than its
deadline dj. Moreover we consider precedence constraints given by a partial
order relation → on J : ”i → j” implies that j cannot start earlier than
the completion of i. A feasible schedule σ : J → N0 assigns a starting time
σ(i) to each job i, following the previous constraints. Our optimization cri-
terion is the makespan of the schedule, i.e. Cmax(σ) = maxi∈J [σ(i) + pi].
In the case of problem 1|prec, rj, dj|Cmax there is a single machine and
no additional restrictions on job processing times. In the case of problem
P |prec, pj = 1, rj, dj|Cmax there are m identical parallel machines and all jobs
have a unit processing time.

Since we have both time windows constraints and precedence relations in
our problems, we must ensure that the time constraints are compatible with
the partial order →.

Definition 1. A scheduling instance with release dates, deadlines and prece-
dence constraints is called prec-consistent when:
∀(i, j) ∈ [1, n]2, (i→ j) =⇒ [(ri + pi ≤ rj) ∧ (di ≤ dj − pj)].

Given a non prec-consistent instance, its release times and deadlines can
be adjusted in time O(n2) to fulfill this property by using path algorithms.
Note that by doing so we only remove time window sections which are in-
accessible according to precedence relations. So feasibility and the optimal
makespan value are unchanged. While prec-consistency might look incon-
spicuous it is crucial to the dominance rule given in the next section.

Consider a prec-consistent instance. For the remainder of the paper we
suppose that the jobs have been renamed in [1, n] in lexicographic nonde-
creasing order of (deadline, release date). So when we compare two jobs i, j
by writing ”i < j” it means that: (di < dj) ∨ [(di = dj) ∧ (ri ≤ rj)]. We
define proper sets and parameter q the following way:
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i 1 2 3 4 5

pi 2 2 3 4 1
ri 0 3 6 0 5
di 6 8 11 13 14
Πi ∅ {4} {4, 5} ∅ ∅
|Πi| 0 1 2 0 0
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0 3 5 6 8 11 1314

Figure 2: An instance of 1|prec, rj , dj |Cmax with five jobs and proper level two.

Definition 2. (Proper set Πi) Let i ∈ [1, n]. We say that a job j ∈ [1, n]
surrounds job i when rj < ri and di < dj. In other words j surrounds i when
time window [ri, di) is strictly included by time window [rj, dj) on both ends.
We define Πi = {j ∈ [1, n], j surrounds i}.

(proper level) We define parameter q = maxi∈[1,n]|Πi|. In other words q
is the maximum number of jobs j which can surround a job i.

Finally like in [10] we highlight the following subset of jobs:

Definition 3. We say that a job j ∈ [1, n] is a summit when j surrounds no
job. In other words: for all jobs i in [1, n] j is not in Πi. The summits are
denoted s1 < . . . < sN with N the number of summits.

An example of a prec-consistent instance is given in Figure 2. Jobs 1,2
and 3 surround no other job, so they are the summits of this instance. We
conclude this section with the following properties:

Lemma 4. (i) Every job either is a summit or surrounds a summit.

(ii) If si < sk < j and j ∈ Πsi then j ∈ Πsk .

Proof. (i) Let j be a job which is not a summit. Then j must surround
at least one job j1. Then either j1 is a summit or it surrounds some job
j2. After k non-summit steps we would have rj < rj1 < . . . < rjk and
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djk < · · · < dj1 < dj. Thus all these jobs are distinct from each other and
it eventually ends with some job jK which is a summit. Then we also have
rj < rjK and djK < dj, so j surrounds summit jK .

(ii) Let si < sk < j such that j ∈ Πsi . sk is a summit so sk /∈ Πsi . And
since si < sk we necessarily have rsi ≤ rsk . So rj < rsi ≤ rsk . Now sk < j
implies that dsk ≤ dj. If dsk = dj then we would have j < sk which leads to
a contradiction. So dsk < dj and thus j ∈ Πsk .

3. Earliest Deadline Rule Variants with Time Windows

In this section we propose several variants to the earliest deadline first
rule which take into account job time windows. We consider problems
1|prec, rj, dj|Cmax and P |prec, pj = 1, rj, dj|Cmax and establish the dom-
inance of schedules following these rules. Then we discuss whether such
optimal schedules can be further modified to get optimal schedules with a
stronger structure based on the summits of the instance.

Note that for any scheduling rule which is based on the order of release
dates and/or deadlines, prec-consistency is essentially required to obtain a
dominance result. The main goal of this restriction is to ensure that the time
window-based job order used by the rule - like our lexicographic order < here
- does not contradict with some precedence relation. When this is not the
case, as in the example given in Figure 3, said job order could recommend to
schedule a job earlier than (or at the same time as) one of its predecessors.

i
j

Figure 3: A non prec-consistent single-machine counterexample to all three dominance
rules defined in Section 3.

3.1. Definition and dominance
First we present the (wED) rule:

Definition 5. A feasible schedule σ on an instance of 1|prec, rj, dj|Cmax

follows the (wED) rule when: ∀(i, j) ∈ [1, n]2, if i < j then either:
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(i) i is scheduled before j (i.e. σ(i) < σ(j)) or

(ii) j surrounds i (i.e. j ∈ Πi) or

(iii) there exists h < i such that σ(j) < σ(h) < σ(i).

Given a prec-consistent instance of 1|prec, rj, dj|Cmax the schedules fol-
lowing the (wED) rule were shown to be dominant.

Property 6. Given a feasible schedule σ on a prec-consistent instance of
problem 1|prec, rj, dj|Cmax, one can build a feasible schedule with a makespan
lower than or equal to σ and which follows the (wED) rule.

Proof. Let σ be a feasible schedule. If σ follows the (wED) rule then we are
done. If not then let (i, j) be a job couple such that i < j, σ(j) < σ(i),
j /∈ Πi and all jobs between j and i in σ are higher than i. Then in σ we
have ”jSi” where j and all jobs in sequence S are higher than i. Within the
same time interval we propose job reordering ”ijS” the following way: push
sequence ”jS” to the right by pi time units then insert i right before. Indeed
i < j and j /∈ Πi so necessarily we have ri ≤ rj. Plus j and all jobs in S are
greater than i. Since our instance is prec-consistent it means that there is
no precedence relation from any of these jobs to i. Thus i can be inserted as
desired. Now again j and all jobs in sequence S are greater than i. So their
deadlines are non lower than di and they can be pushed as desired. Note that
job couple (i, j) and all couples (i, s) with s in sequence S are (wED)-valid,
now that i is scheduled before them. Thus the resulting schedule is feasible,
has the same makespan as σ, and has at least one less (wED)-invalidating
job couple with (i, j) becoming (wED)-valid and no job couple becoming
(wED)-invalidating. This procedure can be repeated a maximum of n(n−1)

2

times until we get a feasible schedule which follows the (wED) rule.

Now consider problem P |prec, pj = 1, rj, dj|Cmax. If we have more than
one machine, then multiple jobs can be scheduled at the same time unit. In
the example given in Figure 4 jobs 1 and 2 cannot both start at time 0 at
the same time according the (wED) rule, whereas this is the only way to get
a schedule of minimum makespan for this instance.

In response we propose a first relaxation to the (wED) rule which aims
to take into account this issue.
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1
2

Figure 4: Counterexample to the (wED) rule on problem P |prec, pj = 1, rj , dj |Cmax with
m = 2 machines.

Definition 7. Given an instance of P |prec, pj = 1, rj, dj|Cmax, a feasible
schedule σ follows the (wED|P1) rule when: ∀(i, j) ∈ [1, n]2, if i < j then
either:

(i) i is scheduled before or at the same time as j (i.e. σ(i) ≤ σ(j)) or

(ii) j surrounds i (i.e. j ∈ Πi) or

(iii) there exists h < i such that σ(j) ≤ σ(h) < σ(i).

Unfortunately, the schedules following the (wED|P1) rule are not nec-
essarily dominant on prec-consistent instances of P |prec, pj = 1, rj, dj|Cmax.
As illustrated in Figure 5 this can happen when several jobs have the same
predecessor. Here job couple (1, 2) invalidates the (wED|P1) rule, yet job
1 cannot be scheduled earlier than job 2 without scheduling job 4 at time
2 or later. So the (wED|P1)-following schedules are not dominant in this
example.

However we show that dominance can be obtained when every job has at
most one predecessor - i.e. when the precedence graph is an outforest.

Property 8. Given a feasible schedule σ on a prec-consistent instance of
problem P |outforest, pj = 1, rj, dj|Cmax, one can build a feasible schedule
with a makespan lower than or equal to σ and which follows the (wED|P1)
rule.

Proof. Let σ be a feasible schedule. If σ follows the (wED|P1) rule then
we are done. If not then there exists a job couple (i, j) such that i < j,
σ(j) < σ(i), j /∈ Πi, and all jobs scheduled within interval [σ(j), σ(i)− 1] in
σ are higher than i. Among these couple take i minimum and j associated
to a job couple with i and scheduled the earliest in σ.

Our goal is to have i scheduled at time σ(j). Given that i < j and
j /∈ Πi, we indeed know that ri ≤ rj ≤ σ(j). And since all jobs scheduled
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i 1 2 3 4

ri 0 0 0 1
di 2 3 4 5
Πi ∅ ∅ ∅ ∅

2

3 4

1
2
3

4

0 5

Figure 5: Counterexample to the (wED|P1) rule on problem P |prec, pj = 1, rj , dj |Cmax

with m = 2 machines.

within interval [σ(j), σ(i) − 1] in σ are higher than i, by prec-consistency
there is no precedence relation from one of these jobs to i. Now recall that
prec is an outforest, meaning that every job has at most one predecessor.
So there is a job j′ > i scheduled at time σ(i) − 1 which has no successor
scheduled at time σ(i). So we can permute j′ and i while keeping feasibility
and the same makespan value. This argument can be applied to time units
σ(i)− 1, . . . , σ(j) successively until i is scheduled at time σ(j). At this point
we know that we managed to schedule i earlier than or at the same time as
j.

Now recall that j was one of the earliest jobs in σ which were part of a
job couple with i. So, after this permutation, all other jobs j′ which were
part of a job couple are now scheduled later than or at the same time as i.
This means that i is no longer part of a job couple invalidating the (wED|P1)
rule. Thus the resulting schedule is feasible, has the same makespan as σ and
has a higher minimum job i among its (wED|P1)-invalidating job couples.
This procedure can be repeated a maximum of (n− 1) times until we get a
feasible schedule with the same makespan as σ which follows the (wED|P1)
rule.

In the light of this proof and the given counterexample, clearly our main
obstacles are the precedence relations between jobs scheduled within interval
[σ(j)+1, σ(i)]. In particular i and j cannot be permuted if j is the predecessor
to one of these jobs. As such we propose the following variant:

Definition 9. Given an instance of problem P |prec, pj = 1, rj, dj|Cmax, the
(wED|P2) rule corresponds the (wED|P1) rule but with the following extra
case in the implication:

(iv) there exists k > j such that σ(j) < σ(k) ≤ σ(i) and j → k.
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Given a prec-consistent instance of P |prec, pj = 1, rj, dj|Cmax we show
that the schedules following the (wED|P2) rule are dominant.

Property 10. Given a feasible schedule σ on a prec-consistent instance of
problem P |prec, pj = 1, rj, dj|Cmax, one can build a feasible schedule with a
makespan lower than or equal to σ and which follows the (wED|P2) rule.

Proof. We proceed in a similar fashion as in the proof of Lemma 8. If σ does
not follow the (wED|P2) rule then there exists a job couple (i, j) such that
i < j, σ(j) < σ(i), j /∈ Πi, all jobs scheduled within interval [σ(j), σ(i) − 1]
in σ are higher than i, and there is no precedence relation from j to any job
scheduled within interval [σ(j) + 1, σ(i)] in σ. Among these couple take i
minimum and j associated to a job couple with i and scheduled the earliest
in σ.

Again we want to have i scheduled at time σ(j). Like in the proof of
Lemma 8 our hypotheses infer that ri ≤ σ(j) and there is no precedence
relation from any job scheduled within interval [σ(j), σ(i)− 1] to i. However
this time we also know that there is no precedence relation from j to any
job scheduled within interval [σ(j) + 1, σ(i)]. So i and j can be directly
permuted with no impact on feasibility and the value of the makespan. By
earliness of j and minimality of i we conclude the same way as in the proof
of Lemma 8.

3.2. Summit-based decompositions
We present a summit-based decomposition on problem 1|prec, rj, dj|Cmax.

This is based on the following key lemma, which establishes several summit-
based properties of the schedules that follow the (wED) rule.

Lemma 11. Given a prec-consistent instance of 1|prec, rj, dj|Cmax, every
schedule which is feasible and which follows the (wED) rule is of the form
T1s1 . . . TNsNTN+1 where:

(i) 1 = s1 < . . . < sN are the summits of the instance,

(ii) for all k in [1, N ] and i < sk we have σ(i) < σ(sk),

(iii) for all k in [1, N ] if j > sk and σ(j) < σ(sk) then j ∈ Πsk ,

(iv) a. every job in sequence T1 is in set Πs1,
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b. for all k in [2, N ] every job in sequence Tk is in set Πsk−1
∪ Πsk ,

and
c. every job in sequence TN+1 is in set ΠsN .

Proof. Let σ be a feasible schedule which follows the (wED) rule. We start
by proving point (ii). Let k ∈ [1, N ] and i < sk. We show that σ(i) < σ(sk).
By the (wED) rule either σ(i) < σ(sk), or sk ∈ Πi, or there is some h < i
such that σ(sk) < σ(h) < σ(i). sk is a summit so by its definition the second
case is not possible. Now by contradiction suppose that the third case is
true. Take h as the lowest job such that σ(sk) < σ(h) < σ(i). Then couple
(h, sk) must follow the (wED) rule while σ(sk) < σ(h) and there is no h′ < h
such that σ(sk) < σ(h′) < σ(h) by minimality of h. Then it means that sk is
in Πh, which contradicts that sk is a summit. Thus by the (wED) rule this
only leaves us with σ(i) < σ(sk).

Next we prove point (iii). Let k ∈ [1, N ] and j > sk such that σ(j) <
σ(sk). Then by the (wED) rule either j ∈ Πsk or there is h < sk such that
σ(j) < σ(h) < σ(sk). In the first case we are done, so suppose we are in
the second phase. Take h minimum. Then by the (wED) rule j ∈ Πh. But
according to Lemma 4 (i) either h is a summit or it surrounds a summit.
In the first case Lemma 4 (ii) would show that j ∈ Πsk and we are done.
In the second case we have a summit si < h such that rj < rh < rsi and
dsi < dh < dj. Then j ∈ Πsi and again Lemma 4 (ii) can be used to show
that j ∈ Πsk .

Now consider two consecutive summits sk and sk+1. sk is lower than sk+1.
So by point (ii) we know that sk is scheduled before sk+1 in σ. This means
that σ is of the form T1s1 . . . TNsNTN+1 where all the jobs in sequences Tk

are non-summits. Finally note job 1 has the lowest deadline and the lowest
release date among the jobs with the same deadline. So job 1 is always a
summit and s1 = 1. This proves point (i).

Finally we prove point (iv). Let k ∈ [1, N +1] and j be a job in sequence
Tk.

a. If k = 1 then s1 = 1, so j > s1 and σ(j) < σ(s1). Thus by point (iii)
j ∈ Πs1 .

c. If k = N +1: job j is not a summit so by Lemma 4 (i) it surrounds one
summit s`. But necessarily s` ≤ sN . If ` = N then we are done. Else
we know that σ(sN) < σ(j) so by point (ii) j > sN . Then s` < sN < j
with j surrounding s`. By Lemma 4 (ii) j also surrounds sN .
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b. If k ∈ [2, N ]: again job j is not a summit so by Lemma 4 (i) it surrounds
one summit s`. If ` ≤ k− 1 then the same reasoning as in point c. can
be applied to show that j ∈ Πsk−1

. Now suppose ` ≥ k. Then we have
sk ≤ s` < j and σ(j) < σ(sk). Thus by point (iii) j ∈ Πsk .

Then in any (wED)-following schedule of our single-machine problem ev-
ery job lower than a summit sk must be scheduled before sk. And among
the jobs higher than sk only those in Πsk can be scheduled before sk. With
the next section methodology it would already lead to an FPT dynamic pro-
gramming algorithm with O((2q)! · 4q ·N) states. However this number can
be decreased to O(2q ·N) by restricting further the set of dominant schedules.
This was done by fixing the job order in each Tk.

Definition 12. Consider a prec-consistent instance of 1|prec, rj, dj|Cmax. A
schedule of this instance is called summit-ordered when it is feasible and of
the form T1s1 . . . TNsNTN+1 where properties (i), (ii), (iii) of Lemma 11 are
satisfied and the following property holds:

(iv) a. all jobs in sequence T1 are in Πs1 and scheduled in nondecreasing
order of their release date.

b. for all k in [1, N − 1] Tk+1 = CkAk+1Bk+1 where:
∗ all jobs in sequence Ck are in Πsk , not in Πsk+1

and scheduled
in nondecreasing order of their deadline,

∗ all jobs in sequence Ak+1 are in Πsk ∩Πsk+1
and scheduled in

any order (say in their lexicographic order),
∗ all jobs in sequence Bk+1 are in Πsk+1

, not in Πsk and sched-
uled in nondecreasing order of their release date.

c. all jobs in sequence TN+1 are in ΠsN and scheduled in nondecreas-
ing order of their deadline.

For example consider the instance given in Figure 2. A feasible schedule
with job order ”12453” (if it exists) would be summit-ordered with C2 = ∅,
A3 = {4} and B3 = {5}, while one with job order ”12543” would not be.
summit-ordered were shown to be dominant on problem 1|prec, rj, dj|Cmax.

Property 13. On problem 1|prec, rj, dj|Cmax the summit-ordered schedules
are dominant.
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Proof. Let σ be a feasible schedule. From Lemma 6 and Lemma 11 one
can build σ̄ of the form T1s1 . . . TNsNTN+1 with a makespan lower or equal
to σ which follows the (wED) rule and verify points (i), (ii) and (iii). In
order to prove point (iv) we propose a reordering of each sequence Tk with
k ∈ [1, N + 1].

Let k ∈ [1, N − 1]. Consider sequence ”skTk+1sk+1”. First we want to
reorder each sequence Tk+1 into a form CkAk+1Bk+1. Given the jobs in Tk+1,
Ck groups those in Πsk and not in Πsk+1

, Ak+1 groups those common to both
proper sets, and Bk+1 groups those in Πsk+1

and not in Πsk . If Tk+1 is not
of this form then we first check the jobs from Ck. If there is a job from Ck

scheduled after a job of Ak+1 ∪ Bk+1, let c be the leftmost of them. Then
we have ”skCSc” in schedule σ̄ where the jobs in C are from Ck and the
jobs in S are from Ak+1 ∪ Bk+1. We propose to reorder into ”skCcS” the
following way: push sequence S to the right by pc units then insert c right
before S. Indeed all jobs from S are in Πsk+1

so their deadlines are higher
than σ(sk+1) and they could be pushed to the right as desired. Plus c is
in Πsk so its release date is lower than σ(sk) and it could be inserted as
desired. So the only obstacle would be a precedence relation between some
job α in S to job c. On the one hand α is in Πsk+1

so it is greater than
sk+1. On the other hand c is not in Πsk+1

and is scheduled before sk+1 in
σ̄. By Lemma 11 (iii) this means that c is lower than sk+1 and thus c < α.
Recall that our instance is prec-consistent, so it means that there cannot be
a precedence relation from α to c. Thus the proposed reordering ”skCcS”
is allowed and does not increase the makespan of our schedule. Repeating
this at most |Ck| times allows us to get all jobs from Ck on the left side of
interval [σ(sk)+psk , σ(sk+1)). Then one can show that all jobs from Bk+1 can
be grouped on the right side of interval [σ(sk)+psk , σ(sk+1)) with symmetric
arguments.

Now let k ∈ [1, N ]. We show that the jobs in Ck can be reordered in
nondecreasing order of their deadline. Notice that jobs in Ck ⊂ Πsk have
release time lower than rsk . So they can be scheduled without idle time after
sk. If two consecutive jobs i, j of Ck satisfy di > dj, we cannot have i→ j as
our instance is prec-consistent. So i, j can be swapped without modifying the
feasibility nor the makespan of the schedule. Iterating such swaps leads to the
desired order. Similarly one can show that all jobs from Bk can be reordered
in nondecreasing order of their release dates with symmetric arguments.

On the other hand, on problem P |prec, rj, dj|Cmax it must be noted that
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Figure 6: Counterexample to properties (ii) and (iii) of Lemma 11 with the (wED|P1)
rule on problem P |outtree, pj = 1, rj , dj |Cmax with m = 2 machines.

we cannot rely on a similar summit-based decomposition with either the
(wED|P1) rule or the (wED|P2) rule, even when restricting ourselves to tree-
like precedence relations. In the example given in Figure 6 the only schedule
of optimal makespan 2 starts job 4 at time 0. With respect to Lemma 11
this contradicts both property (ii) - job 4 is a summit yet jobs 2 and 3 are
scheduled at a later time - and property (iii) - job 3 is a summit and job 4
is scheduled at an earlier time, yet job 4 is not in the proper set of job 3.
While this does not rule out the existence of a different kind of summit-based
decomposition, the latter would need to allow some summits to be scheduled
earlier than prior summits.

4. A Single-Machine FPT Algorithm

In this section we focus on problem 1|prec, rj, dj|Cmax. We present a dy-
namic programming algorithm which explores active summit-ordered sched-
ules - ”active” meaning that there is no unnecessary waiting time.

4.1. Core concept
Assume that we have built a partial summit-ordered schedule until a

summit sk. To extend this schedule to other jobs, we need to keep track
of the information which ensures that each job is scheduled exactly once.
Using the definition of summit-ordered schedules we show that we only need
to recall the set Lk of jobs greater than summit sk and scheduled before sk.
To this purpose we define the following set:

Definition 14. (Lingering set Λk) We define Λk = (
⋃

1≤h≤k Πsh)∩ [sk+1, n].

Then a summit-ordered schedule T1s1 . . . TNsNTN+1 can be represented
as a state path (s1, L1)→ (. . .)→ (sN , LN) where every Lk is a subset of Λk.
Such a path decomposition is motivated by the following lemma:
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Lemma 15. Let σ = T1s1 . . . TNsNTN+1 be an active summit-ordered sched-
ule on an instance I of 1|prec, rj, dj|Cmax. Then for every k in [1, N ] sched-
ule T1s1 . . . Tksk is a feasible active schedule on job subset [1, sk] ∪ Lk where
Lk = (

⋃
1≤h≤k Th) ∩ [sk + 1, n].

Proof. Feasibility and activeness are stable properties by prefix operation.
What is left to show is that the set of jobs featured in partial schedule
T1s1 . . . Tksk is indeed [1, sk] ∪ Lk.

(⊆) Since we have a summit-ordered schedule, by Definition 12 (i) sum-
mits s1, . . . , sk are all lower or equal to sk, so they are all included in [1, sk].
Now given ` ∈ [1, k] and a job j ∈ T`: if j ≤ sk then j ∈ [1, sk], else we have
j ∈ [sk + 1, n] and j ∈

⋃
1≤h≤k Th, so j ∈ Lk.

(⊇) By definition Lk is included in
⋃

1≤h≤k Th. Now let j ∈ [1, sk]. Since
we have a summit-ordered schedule, by Definition 12 (ii) all jobs lower than
sk are scheduled before sk in σ. Thus either j = s` or j ∈ T` for some ` in
[1, k].

Then the corresponding schedule can be retrieved solely from the sets Lk

and the pre-processed proper sets of the summits:

Lemma 16. Let σ = T1s1 . . . TNsNTN+1 be an active summit-ordered sched-
ule on an instance I of 1|prec, rj, dj|Cmax. Let (s1, L1) → (. . .) → (sN , LN)
be the corresponding state path. Then for every k in [1, N ]:

a. B1 = L1,

b. for every k in [2, N − 1]:

– Ck = {j ∈ Πsk , j /∈ Lk ∪ Πsk+1
},

– Ak+1 = {j ∈ Πsk ∩ Πsk+1
∩ Lk+1, j /∈ Lk},

– Bk+1 = {j ∈ Πsk+1
∩ Lk+1, j /∈ Πsk ∪ Lk},

c. CN = {j ∈ ΠsN , j /∈ LN}.

Proof. This directly comes from Definition 12 (iv) and Lemma 15.

Finally, in order to find the optimal makespan of our instance, we show
that we only need to consider summit-ordered schedules which are optimal
on every prefix T1s1 . . . Tksk:
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Figure 7: State graph associated to the example given in Figure 2. The value of each arc
is the makespan of the scheduling candidate computed by extend(k, Lk, Lk+1). The red
path corresponds to active schedule ”14235”, which gives the optimal makespan.

Lemma 17. Let σ = T1s1 . . . TNsNTN+1 be an active summit-ordered sched-
ule with optimal makespan on an instance I of 1|prec, rj, dj|Cmax. Then
one can build an active summit-ordered schedule σ′ = T ′

1s1 . . . T
′
NsNT

′
N+1

also with optimal makespan and such that for all k ∈ [1, N ] schedule pre-
fix T ′

1s1 . . . T
′
ksk has optimal makespan among the feasible schedules of state

(sk,
⋃

1≤h≤k T
′
h ∩ [sk + 1, n]).

Proof. This is proved by downward induction on k. Suppose that for all
j > k schedule T1s1 . . . Tjsj is optimal among the schedules associated to
the same state - which is true in base case k = N . Let τ be a sched-
ule associated to the same state as schedule T1s1 . . . Tksk and with optimal
makespan. Then by Proposition 13 one can build τ ′ = T ′

1s1 . . . T
′
ksk with the

corresponding properties and the same makespan as τ . We propose schedule
σ′ = τ ·Tk+1sk+1 . . . TNsNTN+1, for which the result holds for all j ≥ k. This
concludes the induction.

This motivates the procedure given in Algorithm 1. Set dummy summits
s0, sN+1 with processing time 0, an initial state (s0, ∅) and a final state
(sN+1, ∅). For k = 0 to N use the optimal makespan from states (sk, Lk)
and extend them to the states (sk+1, Lk+1) accordingly to Lemma 16. For
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Algorithm 1 main() (
1: preprocessing() . Check prec-consistency. Compute proper sets and lingering sets.
2: rs0 , ps0 , ds0 , psN+1

← 0 ; rsN+1
← maxi∈[1,n](ri) ; dsN+1

←∞
3: Πs0 ,Λ0,ΠsN+1

,ΛN+1 ← ∅
4: Create table T with N + 2 columns and 2|Λk| slots in each column k.
5: Initialize T with ∞ everywhere.
6: T [0][0]← 0
7: for k = 0 to N do
8: for each (Lk, Lk+1) ⊆ Λk × Λk+1 do
9: T [k + 1, Lk+1]← min(T [k + 1, Lk+1], extend(k, Lk, Lk+1))

10: return T [N + 1, ∅]

each state pair either the resulting schedule is invalid or it is an optimal
makespan candidate for the successor. At the end of the procedure the
optimal makespan is given by the value of state (sN+1, ∅).

The state graph corresponding to the Figure 2 example is given in Fig-
ure 7. We have Λ1 = ∅,Λ2 = {4} and Λ3 = {4, 5}. The optimal makespan
is obtained with summit-ordered active schedule ”14235”, which corresponds
to state path (s0, ∅)→ (1, ∅)→ (2, {4})→ (3, {4})→ (s4, ∅).

4.2. State bounding
In this subsection we bound the size of lingering sets Λk. It turns out

that only the proper set of summit sk is needed to obtain Λk:

Lemma 18. ∀k ∈ [1, N ], Λk = Πsk .

Proof. Let k ∈ [1, n]. By definition every job j in Πsk is greater than sk. So
j is in Λk. Now let ` ∈ Λk. We show that ` ∈ Πsk . By the definition of Λk

there is j ∈ [1, k] such that ` ∈ Πsj . If j = k then we are done. Else we have
sj < sk < ` with ` ∈ Πsj . Then by Lemma 4 (ii) ` ∈ Πsk .

This bounds the size of Λk and the number of successors (sk+1, Lk+1) for
each state by parameter q:

Corollary 19. ∀k ∈ [1, n], |Λk| ≤ q. Plus every state has at most 2q succes-
sors.
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Algorithm 2 extend(k, Lk, Lk+1)
. Input: k ∈ [0, N ], Lk ⊆ Λk, Lk+1 ⊆ Λk+1.
. Goal: start from an optimal schedule on job subset [1, sk]∪Lk and attempt to extend
it to job subset [1, sk+1] ∪ Lk+1.

1: Cmax← T [k, Lk]
2: if [1, sk] ∪ Lk 6⊆ [1, sk+1] ∪ Lk+1 or Cmax =∞ then return ∞

. Add jobs between summits sk and sk+1 accordingly to Lemma 16.
3: Ck ← list({j ∈ Πsk , j /∈ Lk ∪Πsk+1

})
4: sort(Ck, nondecreasing dj)
5: Ak+1 ← list({j ∈ Πsk ∩Πsk+1

∩ Lk+1, j /∈ Lk})
6: Bk+1 ← list({j ∈ Πsk+1

∩ Lk+1, j /∈ Πsk ∪ Lk})
7: sort(Bk+1, nondecreasing rj)
8: add← Ck ·Ak+1 ·Bk+1 · [sk+1]
9: if prec_invalid(Lk, add) then return ∞

10: for j in add (in order) do
11: Cmax← max(Cmax, rj) + pj
12: if Cmax > dj then return ∞
13: return Cmax

4.3. Complexity
Now that the number of states and successors have been bounded we

compute the time and space complexity of the proposed dynamic program-
ming algorithm. In the preprocessing phase prec-consistency is checked then
proper sets and lingering sets are computed. This takes time O(n2) and
space O(q ·N). Now by Corollary 19 each column has at most 2q slots and
for each one at most 2q candidate successors are explored. For each cou-
ple ((sk, Lk), (sk+1, Lk+1)) at most 2q + 1 jobs are added to the schedule.
By Lemma 16 they can be retrieved from sets Lk and Lk+1 and appended
accordingly to Definition 12 in time O(q · log(q)).

Now only the precedence checks related to the added jobs in Tk+1∪{sk+1}
are left. Since we build a summit-ordered schedule, following Definition 12
(iv), there is no invalidating precedence constraint from one job in Tk+1 ∪
{sk+1} to another. So an invalidating one would necessarily go from a job i
in Tk+1 ∪ {sk+1} to a job j in

⋃
1≤h≤k Th ∪ {sh}. Since our instance is prec-

consistent j must be greater than i, which is itself greater than or equal to
sk+1 and thus greater than sk. So j ∈ Lk. By Corollary 19 this leaves at most
2q + 1 possible jobs at the start of the potentially invalidating precedence
constraint and at most q possible jobs at the end of it. So the precedence
checks take time O(q2) for any couple ((sk, Lk), (sk+1, Lk+1)).
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Then either some deadline/precedence constraint is invalidated or the
jobs are successfully added and a new candidate makespan value is proposed
to the successor. So the main loop of the algorithm takes time O(q2 · 4q ·N).
Now we consider space complexity. For each state (i, L) we must remember
index i, some encoding of set L and the minimum makespan currently found.
By Corollary 19 this requires space O(q+ log(D)) where D = maxi∈[1,n](di).
Finally once the whole state graph has been computed, a feasible schedule
with optimal makespan can be retrieved by starting from the final state and
going backwards in the state graph.

Theorem 20. Any prec-consistent instance of problem 1|prec, rj, dj|Cmax

can be solved in time O(max(1, q2·4q)·N+n2) and space O((q+log(D))·2q·N).

Note that precedence relations only intervene during the precedence rela-
tion checks between each couple ((sk, Lk), (sk+1, Lk+1)). So if our instance has
no precedence constraints then each of these couples take time O(q · log(q))
to process instead of time O(q2).

Corollary 21. Any instance of problem 1|rj, dj|Cmax can be solved in time
O(max(1, q · log(q) · 4q) ·N + n2) and space O((q + log(D)) · 2q ·N).

4.4. Space Optimization
Note that it is possible to reduce the space complexity of our algorithm to

O((q+log(D))·2q) at the cost of a slightly increased time complexity. Indeed
only the optimal makespan of the states associated to summit sh must be
remembered at any time in order to find the optimal makespan of all states
associated to summit sh+1. And when all the states associated to sh have
interacted with their successors, the space they take can be freed and used
for the states associated to sh+2. And, instead of computing proper sets and
lingering sets in the preprocessing phase, each one of them can be determined
in time O(n) whenever needed and forgotten once all the states associated
to the corresponding job have interacted with all their successors. This algo-
rithm variant computes the minimum makespan in spaceO((q + log(D)) · 2q)
by only adding O(N · n) operations.

Corollary 22. The minimum makespan of any prec-consistent instance of
problem 1|prec, rj, dj|Cmax can be found in time O(max(1, q2 · 4q) · N + n2)
and space O((q + log(D)) · 2q).
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A schedule of corresponding makespan can then be found with (N − 1)
additional iterations of the previous algorithm variant. Let i ∈ [1, N − 1].
Right before the ith iteration suppose that all states associated to summit
sN−i+1 are in memory. Then at least one of them encodes part of a schedule of
minimum makespan. Suppose that such a state S is annotated. We use an ith

iteration of the algorithm to retrieve all states associated to previous summit
sN−i and their relations to those associated to summit sN−i+1. During this
ith iteration, we will identify at least one state S ′ linked to S with a relation
which has a matching minimum makespan value. By comparing both states
we can retrieve the set of jobs scheduled between summits sN−i and sN−i+1

in some schedule of optimal makespan. And by annotating S ′ we can repeat
this process with the states associated to the previous summit. So little by
little a schedule of minimum makespan can be determined in a backwards
manner.

Corollary 23. Any prec-consistent instance of 1|prec, rj, dj|Cmax can be
solved in time O(max(1, q2 · 4q) ·N2+N ·n2) and space O((q+ log(D)) · 2q).

4.5. Minimizing Lmax

In this subsection we consider instances of problem 1|prec, rj|Lmax. Dead-
lines are replaced with due dates and we aim to minimize the maximum late-
ness of the instance. We run the dynamic programming algorithm for the
makespan in order to get an initial value for Lmax. This could be as far as
D′ = [maxi∈[1,n](ri) +

∑
i∈[1,n] pi] from the optimal value. Then we perform

a binary search by solving a series of decision problems. We use deadlines
instead of due dates and update them accordingly to the current step of the
binary search. Each of these steps is solved by one run of our makespan
algorithm.

Note that the value of parameter q is the same in every step of the search.
Indeed when changing the Lmax threshold all deadlines are shifted by the
same amount of the time, so no relation of the form ”di < dj” is ever changed.
This also means that prec-consistency, proper sets and lingering sets remain
unchanged and thus do not need to be computed again at every step.

Corollary 24. Any prec-consistent instance of 1|prec, rj|Lmax can be solved
in time O(max(1, q2·4q)·N ·log(D′)+n2) and space O((q + log(D′)) · 2q ·N).

Corollary 25. Any instance of problem 1|rj|Lmax can be solved in time
O(max(1, q · log(q) · 4q) ·N · log(D′)+n2) and space O((q+ log(D′)) · 2q ·N).
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5. Negative Results on Identical Parallel Machines

In this section we show that decision problem P |prec, pj = 1, rj, dj|? is
para-NP-hard parameterized by q. In fact we show that the problem is still
para-NP-hard if parameter q is paired with maximum deadline D = maxj dj,
and it is W[2]-hard if q is paired with the width of the precedence graph w.
Both proofs adapt previous reductions from Lenstra and Rinnooy-Kan [18]
and Bodlaender and Fellows [3] respectively. This highlights the fact that
unlike parameter pathwitdh µ, parameter q is not powerful enough to get a
FPT algorithm on parallel processors.

5.1. With Parameter q +D

First we show that P |prec, pj = 1, rj, dj|? is para-NP-hard parameterized
by q +D.

Theorem 26. P |prec, pj = 1, rj, dj|? is NP-hard when q +D = 3.

We adapt the reduction from CLIQUE proposed by Lenstra and Rinnooy-
Kan in [18] to prove that P |prec, pj = 1|Cmax ≤ D = 3 is strongly NP-hard.
Let G = (V,E) be a graph with v = |V | and e = |E|. Let k be the clique size
objective. Then Lenstra and Rinnooy-Kan defined an instance of problem
P |prec, pj = 1|Cmax ≤ D the following way:

Definition 27. [18] Set a = k(k − 1)/2, a′ = e − a and k′ = v − k. Then
scheduling instance I has m = (1+max(k, a+k′, a′)) machines, n = 3m jobs
and makespan threshold D = 3. Jobs are split into v vertex jobs Ji, i ∈ V ,
e edge jobs J{i,j}, {i, j} ∈ E and 3m − v − e fill jobs. Precedence relations
in the form of a multipartite graph between fill jobs are used to ensure that
in any schedule of makespan 3, m − k of them will be scheduled at time 0,
m− (a+ k′) of them at time 1 and m− a′ of them at time 2. Plus for each
edge {i, j} ∈ E we have precedence from vertex jobs Ji, Jj to edge job J{i,j}.

Then if there is a clique of size k in G we schedule the corresponding k
vertex jobs at time 0, the a edge jobs associated to this clique and the k′

remaining vertex jobs at time 1, and the l′ remaining edge jobs at time 2.
The resulting schedule is feasible. Conversely if there is no clique of size k
in G at most a − 1 edge jobs can be scheduled before time 2. So at least
a′ + 1 edge jobs have to be scheduled at time 2 which, combined with the
m−a′ fill jobs set at that time, exceeds the number of machines. Thus there
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is no feasible schedule for I. This concludes the reduction and the proof that
P |prec, pj = 1|Cmax < D is strongly NP-hard when D = 3.

Note that in any feasible schedule considered in the proof, vertex jobs are
scheduled at time 0 or 1 while edge jobs are scheduled at time 1 or 2. So job
time windows can be added accordingly without hindering feasibility.

Definition 28. Instance I ′ of problem P |prec, pj = 1, rj, dj|? is defined with
help from the instance I of Definition 27. We have the set of jobs, we keep
the precedence relations between vertex jobs and vertex jobs, but we remove
the those between fill jobs. Instead we use time windows to set the fill jobs:
m−k of them with time window [0, 1), m−(a+k′) of them with time window
[1, 2) and m− a′ of them with time window [2, 3). All vertex jobs have time
window [0, 2) and all edge jobs have time window [1, 3).

The resulting instance I ′ is prec-consistent and equivalent to base instance
I. Note that all time windows have length 1 or 2, so no time window can
strictly include another on both ends. Thus in instance I ′ we have q = 0.
This concludes the reduction and the proof that P |prec, pj = 1, rj, dj|? is
strongly NP-hard when q +D = 3.

5.2. With Parameter q + w

Here we consider parameter q+w and we show that P |prec, pj = 1, rj, dj|?
is W[2]-hard.

Theorem 29. P |prec, pj = 1, rj, dj|? is W[2]-hard parameterized by q + w.

We adapt the reduction from k-DOMINATING SET which was proposed
by Bodlaender and Fellows in [3] to prove that P |prec, pj = 1|Cmax ≤ D
parameterized by the number of machines is W[2] hard. Let G = (V,E)
be a graph with V = {u0, . . . , uv−1}, v = |V | and e = |E|. Let k be the
dominating set size objective.

Before introducing the reduction, we first define some values and state
their properties that will be used later. We define c = 2v2 + 1. For any
0 ≤ α ≤ (k + 1)v and 0 ≤ l1, l2 ≤ v − 1 we define:

λ(α, l1, l2) = (v − 1 + α · c+ l1 · (2v)− l2) (1)

Then the following properties can be stated:

Lemma 30. ∀l1, l2, l′1, l′2 ∈ {0, . . . , v − 1} :
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• λ(α + 1, l1, l2)− λ(α, l′1, l
′
2) ≥ v + 2 for any α ∈ {0, . . . , (k + 1)v − 1},

• λ(α, l1 + 1, l′2)− λ(α, l1, l2) ≥ v + 1 for any α ∈ {0, . . . , (k + 1)v}.

Proof. For a fixed α, the minimum value of λ(α + 1, l1, l2) is obtained with
l1 = 0 and l2 = v− 1, and the maximum value of λ(α, l′1, l′2) is obtained with
l′1 = v − 1 and l′2 = 0. So we get:

λ(α + 1, l1, l2)− λ(α, l′1, l
′
2) ≥ [v − 1 + (α + 1) · c− (v − 1)]

− [v − 1 + α · c+ (v − 1) · (2v)]
= c− (2v2 − v − 1)
= v + 2

Similarly for fixed α, l1:
λ(α, l1 + 1, l2)− λ(α, l1, l

′
2) ≥ [v − 1 + α · c+ (l1 + 1)(2v)− (v − 1)]

− [v − 1 + α · c+ l1(2v)]
= 2v − (v − 1)
= v + 1

Then we define an instance I of P |prec, pj = 1, rj, dj|? the following way:

Definition 31. Instance I = 〈m, prec, rj, dj, D〉 has m = 2k + 1 machines
and makespan threshold D = λ((k + 1) · v, 1, v − 1) = (k + 1) · v · c+ 2v. Let
D′ = D − v.

We have k+1 job chains of length D′: one floor chain (fj)j and k selector
chains (si,j)i,j with 1 ≤ i ≤ k and 0 ≤ j ≤ D′ − 1. The floor chain aims at
ticking time with not much flexibility. The starting time of the first job in
each selector chain will be used to select a node in the dominating set. The
jobs constituting these chains are respectively called floor jobs fj and selector
jobs si,j, and they have time window [j, j + v).

On top of these chains we add the following jobs:

• floor gadgets: one job f ′
j "parallel" to each floor job fj with j =

λ(α, l, 0) or j = λ(α, l, 0) + v for some 0 ≤ l ≤ v − 1 and 0 ≤ α ≤
(k + 1)v − 1. Precedence relations (fj−1, f

′
j) and (f ′

j, fj+1) are in prec.
Plus floor gadget f ′

j has the same time window as floor job fj.

• selector gadgets: for vertex indices 0 ≤ l1, l2 ≤ v − 1 such that
l1 6= l2 and (ul1 , ul2) /∈ E: two jobs s′i,j, s

′
i,j+v associated to each selector

job s′i,j with 1 ≤ i ≤ k and j of the form λ(α, l1, l2) where 1 ≤ α ≤
(k+1)v. Precedence relations (si,j−1, s

′
i,j), (s′i,j, si,j+1), (si,j+v−1, s

′
i,j+v)
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and (s′i,j+v, si,j+v+1) are in prec. Plus selector gadget s′i,j has the same
time window [j, j + v) as selector job si,j, while selector gadget s′i,j+v

has the time window [j + v, j + 2v).

Note that according to Lemma 30 the time windows of two different floor
gadgets never intersect (i.e. λ(α, l + 1, 0) > λ(α, l, 0) + v).

Lemma 32. If graph G has a dominating set of size k then instance I has
a feasible schedule.

Proof. Given {uγ1 , . . . , uγk} a dominating set of graph G, we propose schedule
τ where floor jobs/gadgets fj, f ′

j are scheduled at time j and for each i ∈ [1, k]
selector jobs/gadgets si,j, s

′
i,j are scheduled at time γi + j. Hence here the

nodes in the dominating set define the starting time of the first job of the
selector chains and the other jobs are performed in sequence without idle
time.

We show that schedule τ is feasible. Clearly all precedence constraints
are met in τ . Now we show that no more than m = 2k+1 jobs are scheduled
at any time T . When T is not of the form λ(α, l, 0) nor λ(α, l, 0) + v where
0 ≤ l ≤ v−1 and 0 ≤ α ≤ (k+1)v−1, there is at most one floor job, no floor
gadget, at most k selector jobs and at most k selector gadgets scheduled at
the same time, due to precedence constraints on the chains and with gadgets,
so no issue there.

Now consider any time T = λ(α, l, 0), or T = λ(α, l, 0) + v of this form.
Then the floor gadget f ′

T is scheduled at that time. Plus for each i ∈ [1, k] at
most one selector gadget associated to the ith selector chain can be scheduled
at time T and, if it exists, it is s′i,T−γi

. We show that at least one these k
selector gadget possibilities does not exist.

• If ul is in the dominating set then l = γi0 for some i0 ∈ [1, k]. If T =
λ(α, l, 0), then by definition the selector gadget s′i0,λ(α,l,γi0 ), which can be
rewritten as s′i0,T−γi0

, cannot exist (since l = γi0). if T = λ(α, l, 0) + v,
similarly, selector gadget s′i0,λ(α,l,γi0 )+v cannot exist.

• Otherwise vertex ul is adjacent to some vertex uγi from the dominating
set, with i ∈ [1, k]. If T = λ(α, l, 0), then selector gadget s′i,T−γi

=
s′i,λ(α,l,γi) where (ul, uγi) ∈ E, and thus it cannot exist according to
the definition. If T = λ(α, l, 0) + v, then selector gadget s′i,T−γi

=
s′i,λ(α,l,γi)+v would exist although (ul, uγi) ∈ E, a contradiction. So no
selector gadget from the ith chain is scheduled at time T .
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Thus in both cases at most k − 1 selector gadgets can be scheduled at the
considered time T . So the number of machines is never exceeded anywhere
and schedule τ is feasible.

Conversely, given a feasible schedule of instance I, we show how to infer a
dominating set of graph G. We would like to use the positions of the selector
chain jobs in an interval of length c where all jobs are scheduled in an active
manner - i.e. with no waiting time between consecutive jobs in any chain.
The existence of such an interval was ensured by setting a sufficiently large
time horizon.

Lemma 33. If instance I has a feasible schedule then graph G has a domi-
nating set of size k.

Proof. Let τ be a feasible schedule of instance I. Given α ∈ [1, (k+1)v−1] the
αth range refers to time interval [(−1 + α · c), (−1 + (α + 1) · c)), which
corresponds to [λ(α, 0, 0)− v, λ(α + 1, 0, 0)− v). We say that the αth range
is polluted by a chain when there exists a time unit in this range to which no
job from this chain is scheduled. For instance the αth range is polluted by
ith selector chain, when there exists a time unit T in this range such that for
all 0 ≤ j ≤ D′ − 1 selector job si,j is not scheduled at time T .

Since each of the k+1 chains in I have length D′ = D− v, they can only
pollute at most v−1 ranges each, and so at most (k+1)v−(k+1) ranges total.
can be polluted. Because the total number of ranges is (k+ 1)v− 1, at least
one of them is not polluted, say the αth

0 range [(−1+α0 ·c), (−1+(α0+1)·c)).
Due to precedence relations all floor gadgets f ′

j (resp. selector gadgets
s′i,j, s

′
i,j+v) executed in range α0 are executed at the same time as their as-

sociated floor job fj (resp. selector job si,j). Then by the feasibility of τ
and the precedence relations, exactly one job from each chain is scheduled at
time T0 = (−1 + α0 · c). Let j0, . . . , jk be indices such that fT0−j0 is the floor
job scheduled at time T0 and, given i ∈ [1, k], si,T0−ji is the selector job of
the ith job which is scheduled at time T0. Then we set γi = (ji− j0) if ji ≥ j0
and (v + ji − j0) otherwise. Since ji and j0 can differ by at most v − 1, we
have γi ∈ [0, v − 1].

We claim that {uγ1 , . . . , uγk} is a dominating set of graph G. Let l ∈
[0, v − 1]. We show that either vertex ul is part of the proposed set, or
it is adjacent to one of the elements in the proposed set. Consider time
units (T0 + l · (2v) + j0 + v) = λ(α0, l, 0) + j0 and λ(α0, l, 0) + j0 − v which
are both in range α0. Among the jobs scheduled at these times we have
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job floor fλ(α0,l,0), floor gadget f ′
λ(α0,l,0)

(resp. job floor fλ(α0,l−1,0)+v, floor
gadget f ′

λ(α0,l−1,0)+v) and k selector jobs, one per selector chain. So at most
k − 1 selector gadgets can be scheduled at each of these times due to the
2k + 1 machines. Consequently there is i ∈ [1, k] such that selector gadget
s′i,λ(α0,l,0)+j0−ji

does not exist. And similarly there is i′ ∈ [1, k] such that
s′i′,λ(α0,l,0)+j0−ji′−v does not exist either.

• If ji ≥ j0 then s′i,λ(α0,l,0)+j0−ji
= s′i,λ(α0,l,γi)

. This selector gadget does
not exist, so either l = γi or (vl, vγi) ∈ E.

• If ji < j0 then s′i′,λ(α0,l,0)+j0−ji′−v = s′i′,λ(α0,l,γi′ )
. This selector gadget

does not exist, so either l = γi′ or (vl, vγi′ ) ∈ E.

So in both cases we confirm that vertex vl is either part of {uγ1 , . . . , uγk}
or adjacent to one of these vertices. Therefore the proposed set is indeed a
dominating set of size k in graph G.

This concludes the reduction and the proof of Theorem 29. This confirms
that contrary to pathwidth µ a FPT algorithm with respect to proper level
q is unlikely to exist on problem P |prec, pj = 1, rj, dj|?.

6. Conclusion

In this paper we considered a new parameter on scheduling problems
with release times and deadlines. This parameter, which was named proper
level q, was defined as the maximum number of job time windows which
can strictly include a job time window on both ends. Regarding problem
1|prec, rj, dj|Cmax we proposed a FPT algorithm parameterized by q. Un-
der some assumption of prec-consistency we established a new dominance
rule, which we called the weak earliest deadline rule (wED), to reduce the
space of candidate schedules. This led to the same summit-based domi-
nance as in [9], which we proved to still work in the presence of precedence
constraints under prec-consistency. Pairing this with a dynamic program-
ming algorithm on a restricted selection of scheduling prefixes allowed us to
solve the problem in FPT time. In contrast, we showed that decision prob-
lem P |prec, pj = 1, rj, d̄j|? is para-NP-hard parameterized by proper level q.
Given that this problem is FPT with respect to pathwidth µ [23], this con-
firms both parameters to be distinct when it comes to studying scheduling
problems.
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Further research would take the proposed FPT algorithm as a baseline
and look to optimize the dynamic programming phase. On the one hand the
state graph is currently generated in a width-oriented way. So nearly the
whole state graph must be generated before the first schedule candidates are
found. On the other hand, a depth-oriented variant could find such schedule
candidates quicker and use their makespan value as an upper bound for the
rest of the state graph generation.

On another note, while we showed that parallel machine scheduling with
unit-time jobs and general precedence constraints is para-NP-hard param-
eterized by the proper level, it is worth noting that the problem becomes
polynomial-time solvable when precedence relations are restricted to chains
- see e.g. [2]. On the contrary, the special case of tree-like precedence con-
straints is known to be strongly NP-hard [5]. Although we managed to
establish a dominance rule specific to the case of outforests, the parameter-
ized complexity of the latter with respect to the proper level is still open and
should be studied. We believe that our dominance rule could serve as the
basis for a FPT algorithm with respect to the proper level in the future.
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plexity view on non-preemptively scheduling interval-constrained jobs:
few machines, small looseness, and small slack. Journal of Scheduling,
20:255–265, 2017. doi: https://doi.org/10.1007/s10951-016-0478-9.

31


	Introduction
	Preliminaries
	Earliest Deadline Rule Variants with Time Windows
	Definition and dominance
	Summit-based decompositions

	A Single-Machine FPT Algorithm
	Core concept
	State bounding
	Complexity
	Space Optimization
	Minimizing Lmax

	Negative Results on Identical Parallel Machines
	With Parameter q+D
	With Parameter q+w

	Conclusion

