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Abstract. This paper studies the parameterized complexity of single
machine scheduling problems with time windows and precedence delays
considering three parameters: the pathwidth of the interval graph in-
duced by time windows, the maximum slack of a job within its time win-
dow, and the maximum delay value. Three types of precedence delays
are studied: minimum, maximum and exact. We first exhibit a relation
between the slack and the pathwidth which may induce some parame-
terized complexity results. Then for all types of precedence delays we
prove that these problems are para-NP-hard parameterized by either the
slack or the pathwidth even for unit processing time coupled tasks with
a limited number of distinct delay values. Finally a FPT algorithm is
provided when the maximum delay is combined with the slack.

Keywords: parameterized complexity · scheduling · precedence de-
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1 Introduction

Since the seventies many studies have been devoted to scheduling problems on
a single processor with different settings and optimization criteria. If we just
consider decision problems only few problems can be solved in polynomial time
- like scheduling unit execution time jobs with time windows [14] or scheduling
jobs with precedence constraints and deadlines [11]. On the other hand many
sequencing problems with simple settings are NP-hard in the strong sense, espe-
cially when time windows are considered [12].

This paper addresses the feasibility check of a single machine problem with
time windows and precedence constraints with delays. We are given a set of jobs
T . Each job j ∈ T is characterized by a processing time pj and a time window
[rj , d̄j) in which it should be scheduled. A nonnegative delay `a is attached to
each precedence constraint a between two jobs i and j. Three types of delays are
considered. In the case of minimum delays, the difference between the starting
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time of j and the completion time of i must not be less than `a; in the case of
maximum delays, this difference must be not greater than `a; for exact delays
this difference must be exactly equal to `a. Such kind of precedence constraints,
sometimes called ”generalized precedence constraints” in the literature [6] have
many applications. Notice that the complexity of problems with maximum delays
is usually less studied than minimum and exact delays. However, even for coupled
tasks with unit processing times - where the precedence graph is a set of disjoint
arcs scheduling jobs on single machine has been proven NP-hard by Yu [17]
for exact and minimum delays. See [5,10] for a survey of complexity results of
coupled tasks with exact delays.

Our aim is to carry out a parameterized complexity analysis of our prob-
lem. Several parameters have been considered for the parameterized complex-
ity analysis of scheduling problems. We can mention the maximum processing
time pmax [15] or the width of the precedence graph [3].

Van Bevern et al. [3] proved that the problem of scheduling a precedence
graph on two machines with processing times in {1, 2} is W[2]-hard with re-
spect to the width. In the same paper they introduced an additional parameter
λ that measures the maximum allowed lag of a job with respect to its earli-
est start time (ignoring resource constraints). They proved that the Resource-
Constrained Project Scheduling Problem (RCPSP) is FPT parameterized by
both the allowed lag and the width. Considering precedence delays the work
of Bessy et al. [2] studies coupled tasks with due dates, a compatibility graph
and a common deadline on a single machine. Their consider the number of jobs
ending before their due date as parameter. They established W[1]-hardness for
this problem and developed a FPT algorithm when the maximum duration of a
job (i.e. the processing time of the two tasks plus their delay) is bounded.

Bodlaender and van der Wegen [4] addressed the single-machine scheduling
of a set of chain like precedence constraints with delays where the time windows
are expressed on chains and not on individual jobs. Their parameter - called the
thickness - corresponds to the maximum number of overlapping chains. They
proved that the problem with minimum delays given in unary is W[2]-hard with
respect to the thickness. When each job has its time window, two parameters
have been introduced in the literature, in line of thickness and allowed lag. The
pathwidth µ is the maximum number of overlapping time windows minus one.
The slack σ is the maximum slack of a job j in its time window: d̄j − (rj + pj).

Munier Kordon [16] developed a FPT algorithm for the decision problem of
scheduling unit execution time jobs with precedence constraints and time win-
dows of jobs parameterized by µ. In [13] scheduling chains of unit execution
time jobs with minimum or exact delays on a single processor was proved to be
para-NP-hard with parameter µ, whereas it was proved to be FPT if no prece-
dence delays are assumed in [8]. A FPT with the tuple of parameters “slack and
pathwidth” (or “maximum processing time and pathwidth”) was proposed in [9]
for a parallel machine scheduling problem with precedence and time windows.
For a single machine problem with job rejection criteria a FPT algorithm with
parameters slack and pathwidth has also been proposed [1].
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In this paper we consider parameters µ and σ. We also consider the maxi-
mum precedence delay `max as a parameter. To the best of our knowledge this
last parameter has not been investigated for this problem yet. Our goal is to
establish the boundary between the FPT problems and the others as accurately
as possible.

Our contribution first establishes in Section 2 a relation between the slack
and the pathwidth. This implies that results already known for one of the two
parameters can be transferred to the other. Then we show in Section 3 that
scheduling coupled tasks with equal precedence delays and unit execution time
on a single machine with minimum,maximum or exact delays is para-NP-hard
with respect to the slack, and thus the pathwidth. In section 4 we provide a FPT
algorithm for the problem with any precedence graph when parameter slack is
combined with the maximum precedence delay. Finally in Section 5 we draw
some perspectives.

2 Definitions and parameters

2.1 Definitions

In this paper we study the problem denoted by 1|prec(`i,j), rj , d̄j |? in the stan-
dard notation of Graham [7]. An instance of this problem is characterized by a
set T of n jobs. Each job j in T has a processing time pj , a release date rj and
a deadline d̄j . These parameters may be also denoted by p(J), r(J), d̄(J) when
the job J has a long name. Moreover we consider an acyclic precedence graph
G representing precedence relations between the jobs in T . Each arc a = (i, j)
in G is valued by a nonnegative integer `i,j . A schedule s defines for each job j
a starting time s(j) so that rj ≤ s(j) < d̄j and for any arc a = (i, j) in G:

minimum delays: s(j) ≥ s(i) + pi + `i,j
maximum delays: s(i) + pi ≤ s(j) ≤ s(i) + pi + `i,j
exact delays: s(j) = s(i) + pi + `i,j

When a unique type of delays is considered, a superscript max, min or ex is
indicated in the problem definition. For example, 1|prec(`max

i,j ), rj , d̄j |? describes
the problem with only maximum delays.

A large part of this paper is devoted to the special case with unit execution
time coupled tasks. A coupled task is a set of two unit execution time jobs
linked by an arc of the precedence graph. So a coupled task can be described by
a triplet (J1, `, J2). In scheduling problems with coupled tasks we assume that
each job has its time window and that no precedence constraint exists between
tasks from different coupled tasks. In Section3, we also consider that all the
precedence delays are equal to a single value `. The problem is then denoted by
1|(1, `, 1), rj , d̄j |?.

Considering an instance of 1|prec(`i,j), rj , d̄j |? we define our three parame-
ters:
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Definition 1. The pathwidth µ, the slack σ and the maximal delay `max

are defined as follows: µ = maxt≥0 |{j ∈ T , rj ≤ t < d̄j}| − 1,
σ = maxj∈T d̄j − rj − pj, and `max = max(i,j)∈arcs of G `i,j.

2.2 Slack vs pathwidth

In this section we show a relation between both parameters in feasible schedules.

Theorem 1. If a single machine scheduling instance with time windows is fea-
sible, then µ ≤ 2σ.

Proof. By the definition of slack σ: r(J) ≥ d(J) − p(J) − σ and d(J) ≤ r(J) +
p(J) + σ.

Let J be a job and t be a time slot. If t is part of interval [r(J), d(J)) then
r(J) ≤ t < d(J). Then by using both inequalities on the definition of slack σ we
get: r(J) > t− p(J)− σ and d(J) ≤ t+ p(J) + σ.

This means that whenever job J is scheduled, p(J) consecutive time slots
will be taken by J in time interval [t− σ− p(J) + 1, t+ σ+ p(J)). Thus at least
one time unit will be taken by J in time interval [t− σ, t+ σ+1). Since we only
have one machine, this means that at most 2σ + 1 jobs can have t be a part
of their time window [r(J), d(J)) in any feasible schedule of this instance. This
yields the wanted inequality: µ ≤ 2σ.

2.3 Direct implications to parameters σ and σ + `max

In previous studies [8,13] we defined FPT algorithms on single machine problems
with parameter pathwidth and maximum delays. It follows from Theorem 1 that
these results transfer to slack instead of pathwidth.

Corollary 1. 1|prec, rj , d̄j |Lmax ∈ FPT (σ) [8],
1|prec(`min

i,j ), pj = 1, rj , d̄j |Lmax ∈ FPT (σ + `max) [13].

3 Hardness reductions with parameters µ and σ

In this section our goal is to characterize the most simple setting for which our
problem becomes para-NP-hard with respect to the slack and the pathwidth
with minimum (resp. maximum, exact) delays.

In all three delay types our para-NP-hardness results will be proved with a
reduction from the 3-COLORING graph problem. Let G = (V,E) with V =
[0, n) and E ⊆ V ×V . Without loss of generality we suppose that there is no self
loop in E. The scheduling instances described below will have fixed pathwidth
and slack (namely µ = 3 and σ = 4).
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3.1 With minimum delays

We first establish para-NP-Hardness in the case of coupled tasks with equal
minimum delays. The following theorem will be proved in the rest of the section.

Theorem 2. 1|(1, `min, 1), rj , d̄j |? is para-NP-hard parameterized by pathwidth
µ and slack σ.

We build Imin a scheduling instance of 1|(1, `min, 1), rj , d̄j |? where all coupled
tasks have the same minimum delay ` = β−2, with β = 18n. We define instance
Imin then prove that it is feasible if and only if G is 3-colorable.

Let γ = (3 + 6m + 1)β. We segment time into a working space [0, γ) and a
garage space [γ, 2γ). The garage space purpose is detailed later in Remark 1.
The working space is split into:

– a color choice segment [0, 3β) where all n color choices are set. A section of
length β = 18n is split into 3n subsections of length six, one for each couple
(node, chosen color) = (i, k). Several sections of length β are needed in order
to connect the three possible color choices of a node and ensure that at least
one color is chosen for each node - see Figure 1,

– an edge check segment [3β, (3+ 6m)β). A segment of length 2β is dedicated
to each of the 3m couples (edge, checked color) = (ej , k). For each couple
we check that both nodes in ej do not have color k - which would invalidate
the 3-coloring. Again more than one section of length β is needed in order
to connect both color choices.
For each couple (ej , k) we define bj,k = 3 + 6j + 2k in order to describe
concisely the segment of length 2β where color k is checked for edge ej .
Then this segment can be written as [bj,k · β, (bj,k + 2) · β) - see Figure 2.

In order to simulate color choices and edge checks we use five kinds of coupled
tasks. The first two deal with node color choices:

– Color choice tasks (C(i), C ′(i)): task C(i) represents the color choice of node
i. Only the position of C(i) determines the color used. C(i) has three possible
starting times and each one corresponds to a color choice. As shown in Figure
1 if the starting time of C(i) is:
• r(C(i)) then node i has color 0,
• r(C(i)) + 1 then node i has color 2,
• r(C(i)) + 2 then node i has color 1.

– Color choice propagators (Pi,k(b), P
′
i,k(b)): these tasks propagate the color

choice of node i for later use in the edge check segment. They have time
windows of length two and operate like a switch. With k ∈ {0, 1, 2} if node
i has color k then all tasks Pi,k(b) and P ′

i,k(b) must be pushed to the ’right’
(i.e. scheduled at their release date plus one, see Lemma 3). If color k is not
chosen by node i then these tasks are free to be scheduled in either time -
but preferably to the ’left’, i.e. at their release date.
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The three remaining coupled task kinds connect the color choices in two
ways:

1. for each node connect the start of the three corresponding color choice prop-
agator sequences so that at least one of them is scheduled to the ’right’ - i.e.
the corresponding color is chosen. See Lemma 2,

2. for each (edge, checked color) couple (ej = {i1, i2}, k) connect the color
choice propagator sequences corresponding to the (node, chosen color) cou-
ples (i1, k) and (i2, k) so that both must not be scheduled to the ’right’ at
the same time - see Lemma 4.

Their respective purpose is detailed below:

– Local connectors Li,k(b, in) and Li,k(b, bridge): the main tasks used to con-
nect color choices. Only the first task in the coupled task is used. For each
subsection of length six we set at most two of them: a task Li,k(b, in) located
completely inside the subsection and a task Li,k(b, bridge) located both in
subsection (i, k) and the next one - either (i, k+1) with k ∈ {0, 1} or ((i+1)
mod n, 0) with k = 2.

– Redirection tasks Ri,k(b): these coupled tasks help to propagate a color choice
the other way around. Something that color choice propagator sequences
alone cannot perform, since they only propagate in one direction.

– Fill tasks Fi,k(b) and fi,k(b, q): these tasks block one half of local connectors
and redirection tasks so that they only have two possibilities in any feasible
schedule - see Lemma 1. Only the first task in the coupled task is used. On
the one hand tasks Fi,k(b) have a time window of length three located at the
connection between two color choice propagators. Then three tasks must be
scheduled in a time window of length three, which blocks the whole window.
On the other hand a task fi,k(b, q) has a time window of length one and
blocks one time unit by itself.

The indices in the task names indicate the task location. In the case of color
choice tasks like C(i) index i indicates the segment [β + 18i, β + 18(i + 1)) in
which the task is located. For all other tasks like Pi,k(b) index b refers to section
[b ·β, (b+1) ·β) and couple (i, k) indicates the corresponding subsection of length
six [b · β+18i+6k, b · β+18i+6(k+1)) within this section of length β. Finally
fill tasks fi,k(b, q) have an extra index q ∈ [0, 6) which indicates the location of
the fill task in this subsection of length six.

Remark 1. Note that only the first half of color choice tasks, local connectors and
fill tasks will be used. The second half of these coupled tasks will be scheduled
to the garage space - with an offset γ - so that it does not interfere with the
working space.

The time windows of all tasks in Imin are given in Appendix A.1. Check-
ing that both our parameters are bounded in Imin is also done there. Now we
show that all the task properties announced above are met. First fill tasks must
block one half of local connectors and redirection tasks, only leaving them two
possibilities in any feasible schedule.
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Fig. 1. The part of the color choice segment corresponding to node i in the reduction
with minimum delays. In the case of color choice tasks, local connectors and fill tasks
only the first task of the coupled task is shown.
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Lemma 1. Let i ∈ [0, n), k ∈ {0, 1, 2}. In any feasible, the following tasks can
only be scheduled at either their release date or their deadline minus one:

– all local connectors Li,k(b, in) and Li,k(b, bridge),
– redirection tasks R′

i,k(b) in the color choice segment and Ri,k(b) in the edge
check segment.

Proof. See Appendix A.2. ut

Second this lemma is directly used to show that each of the three possibilities
of color choice C(i) pushes one color choice propagator to the ’right’. See Figure
1 to visualize the local connecting process.

Lemma 2. Let i ∈ [0, n), k ∈ {0, 1, 2}. In any feasible schedule, if color choice
task C(i) is scheduled at time:

– r(C(i)) then task Pi,0(0) must be scheduled at its release date plus one,
– r(C(i)) + 1 then task Pi,2(2) must be scheduled at its release date plus one,
– r(C(i)) + 2 then task Pi,1(1) must be scheduled at its release date plus one.

Proof. Let s be the starting time of C(i).
Case s = r(C(i))+2 is straightforward. C(i) blocks time r(Pi,1(1)), thus task

Pi,1(1) must be scheduled at its release date plus one.
If s = r(C(i)) + 1 then redirection task Ri,1(1) must be scheduled later than

its release date. Then with the minimum delay of length β−2 starting from this
task, the other half R′

i,1(1) must also be scheduled later than its release date.
By Lemma 1 this only leaves time d(R′

i,1(1))−1. This corresponds to the release
date of local connector Li,1(2, bridge), which again by Lemma 1 only leaves time
d(Li,1(2, bridge))−1 to schedule this task. This corresponds to r(Pi,2(2)), which
forces propagator Pi,2(2) to be scheduled at its release date plus one.

Finally case s = r(C(i)) is proved the same way through tasks Li,0(1, bridge),
R′

i,0(0), Ri,0(0), Li,0(0, in) and two calls from Lemma 1. ut

Third when one of these three tasks Pi,k(k) is pushed to the ’right’, it pushes
all other propagators Pi,k(b) and P ′

i,k(b) to the ’right’ in order to propagate this
color choice to the edge check segment.

Lemma 3. Let i ∈ [0, n), k ∈ {0, 1, 2}. In any feasible schedule, if Pi,k(k) is
scheduled at its release date plus one, then for all b ∈ [k, 3 + 6m) tasks Pi,k(b)
and P ′

i,k(b) must be scheduled at their release date plus one.

Proof. By induction on b. Let b ∈ [k, 3+6m−1). Suppose that Pi,k(b) is scheduled
at its release date plus one. Then by the minimum delay of length β−2 the other
half P ′

i,k(b) must also be scheduled at its release date plus one. This corresponds
to the release date of the next propagator Pi,k(b + 1), which in turn must also
be scheduled at its release date plus one. ut

Finally given an edge ej = {i1, i2} and a color k both nodes i1, i2 must not
choose color k at the same time. According to Lemma 2 we must show that both
tasks Pi1,k(k) and Pi2,k(k) cannot be scheduled to their release date plus one in
a feasible schedule.
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(. . .) (. . .)

bj,k · β + 18i1 + 6k bj,k · β + 18i2 + 6k

(. . .)

(. . .)

X X

(. . .)

(. . .)

X X

(. . .)

(. . .)

(. . .)

X

(. . .) (. . .)

(bj,k + 1) · β + 18i1 + 6k (bj,k + 1) · β + 18i2 + 6k

(. . .)

(. . .)

(. . .)

(. . .)

(. . .)

(. . .)

(. . .)

b = bj,k

b = bj,k + 1

(i1, k) (i′, k′) (i2, k)

Fig. 2. The part of the edge check segment corresponding to (edge, checked color)
couple (ej , k) in the reduction with minimum delays. The middle part describes the
tasks in all subsections (i′, k′) in between subsections (i1, k) and (i2, k) in the same
section of length β. In the case of local connectors and fill tasks only the first task of
the coupled task is shown.

Lemma 4. Let ej = {i1, i2} be an edge in E and k ∈ {0, 1, 2} be a color. In any
feasible schedule, either Pi1,k(k) or Pi2,k(k) must be scheduled at its release date.

Proof. (sketch) Consider a feasible schedule. By contradiction suppose that both
tasks Pi1,k(k) and Pi2,k(k) are scheduled at their release date plus one. By
Lemma 3 both tasks Pi1,k(bj,k) and Pi2,k(bj,k + 1) must also be scheduled at
their release date plus one. We show that when task Pi1,k(bj,k) is scheduled at
its release date plus one then time r(Pi2,k(bj,k+1))+1 is blocked, and vice versa.

This is proved by induction on subsection (i, k) between (i1, k) and (i2, k).
See Figure 2 to visualize the local connecting process. The induction step uses
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Lemma 1 the same way as in the proof of Lemma 2: the local connectors succes-
sively block one scheduling option of the adjacent local connector, which forces
it into its second scheduling option. The full proof is available in Appendix A.3.

ut

So, in any feasible schedule, by Lemmas 2 and 3 each node must choose a color
by pushing to the ’right’ one of three color choice propagator sequences. Then
by Lemma 4 both nodes in an edge cannot choose the same color by pushing to
the ’right’ their propagator sequence corresponding to the same color. This is
enough to simulate a graph 3-coloring.

Proposition 1. G is 3-colorable if and only if there exists a feasible schedule
for Imin.

Proof. See Appendix A.4. ut

The reduction is now complete and 1|(1, `min, 1), rj , d̄j |? has been successfully
proved para-NP-hard parameterized by pathwidth µ and slack σ.

3.2 With maximum delays

In this section we now consider maximum delays. We perform a similar reduction
to prove the following theorem:

Theorem 3. 1|(1, `max, 1), r(j), d̄(j)|? is para-NP-hard parameterized by path-
width µ and slack σ.

The full reduction is available in Appendix B. We use the same idea as in
the minimum delays case with two main changes. First if we want to propagate
color choices from left to right with maximum delays in place of minimum ones,
then we must pull to the ’left’ instead of pushing to the ’right’. So now a color is
chosen when color choices propagators are scheduled at their release date. Plus
the time windows between the end of a propagator and the beginning of the next
one are swapped, again in order to pull to the ’left’ instead of pushing to the
’right’.

Second in the minimum delays reduction the unused coupled task halves were
set to a garage space. This second half was set far from the first half so that the
minimum delay β − 2 between them could be rendered useless and ignored. In
order to get the same result with maximum delays, we need the garage space
to be close to these first halves instead. We do so by intertwining working and
garage intervals: a working interval of length 18n, then a garage interval of length
18n, and so on. As a result β is doubled to 36n, γ is set to 18n and the rest of
the reduction with minimum delays can be reused with minimal changes.

3.3 With exact delays

In this section exact delays are considered. This case is different since problem
1|(1, `ex, 1), r(j), d̄(j)|? can be solved in time O(n · log(n)). Sorting coupled tasks



Parameterized analysis of single machine scheduling 11

by non-decreasing deadline of their first half and applying the ’earliest due date’
(EDD) rule on these first halves works if and only if the instance is feasible.
Indeed suppose we have a feasible schedule. In the case of equal-processing time
tasks, they are identical in the time length they require and thus can be swapped
until we get the task order given by the (EDD) rule. In our problem all the the
coupled tasks are identical in their ’processing’ time requirement and thus can
be swapped the same way whenever the order given by the (EDD) rule is not
followed.

However if we take a look at the instance Imin from the reduction with
minimum delays, replacing all minimum delays with exact delays of the same
value almost makes it work. Indeed Lemmas 1 to 4 still hold. Unfortunately the
idea to put a coupled task half in the garage space and ignore the delay does
not work anymore. There are two ways to fix it with two slight generalizations:

– either add delay value γ−1 and use it whenever we need to set a task to the
garage space. This corresponds to problem 1|(1, {`ex1 , `ex2 }, 1), r(j), d̄(j)|?,

– or delete these second halves and the garage space entirely, and allow chains
of length one in our instance. This corresponds to problem
1|chains(`ex, len ∈ {1, 2}), pj = 1, r(j), d̄(j)|?.

In both cases the only detail that prevented the reduction from working is
now dealt with and the para-NP-hardness proof can be done.

Theorem 4. Scheduling problems 1|chains(`ex, len ∈ {1, 2}), pj = 1, r(j), d̄(j)|?
and 1|(1, {`ex1 , `ex2 }, 1), r(j), d̄(j)|? are para-NP-hard parameterized by pathwidth
µ and slack σ.

4 A FPT algorithm with parameter σ + `max

We consider here an instance I of the decision problem 1|prec(`i,j), r(j), d̄(j)|?
assuming a general precedence graph, precedence delays of all three types in
the instance and any processing times of jobs. We showed that this problem is
para-NP-hard with parameter σ alone. In [4] the authors noted that with exact
(or maximum) delays and chain precedence this problem is also NP-hard when
`max = 0 - i.e para-NP-hard parameterized by `max - using a straightforward
reduction from 3-PARTITION. In this section we define a FPT dynamic pro-
gramming algorithm parameterized by σ+`max for this problem. Notice that this
algorithm can be used within a binary search to solve in FPT time the related
optimization problems minimizing the makespan 1|prec(`i,j), r(j), d̄(j)|Cmax and
the maximum lateness 1|prec(`i,j), r(j), d̄(j)|Lmax.

Stage α of the dynamic programming scheme corresponds to the αth task to
be scheduled in order from left to right. In a state u of stage α the following
items are stored:

(a) the αth task to be scheduled, denoted by j(u);
(b) its completion time c(u) = Cj(u);
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(c) the set A(u) of scheduled tasks i for which d̄(i) > c(u);
(d) a schedule S(u) of time interval [c(u) − `max, c(u)), describing all jobs that

complete in this interval and their completion times.

Definition 2. A state u is valid if there exists a feasible schedule of all jobs of
A(u)∪{j(u)}∪{i, d̄(i) ≤ c(u)} that coincides in its last time interval with S(u).
We denote by Vα the set of valid states of stage α and by Nα the subset of jobs
j(u) for which there exists a valid state u of stage α.

We now define the transitions between consecutive stages, which correspond
to the edges of a multi-stage graph GI . Let u be a valid state of stage α− 1. To
build a valid successor v of stage α we:

– choose j(v) such that j(v) is unscheduled, has no predecessor, or any prede-
cessor k of j(v) is completed before c(u) in u: k ∈ A(u) or d̄(k) ≤ c(u);

– choose a completion time c(v) for j(v) within the time interval of j(v) sat-
isfying precedence constraints and resource requirements;

– check that a job k with d̄(k) ≤ c(v) does not remain unscheduled (otherwise
v is discarded);

– then A(v) and S(v) can be deduced from j(v), A(u) and S(u).

So we can build the graph stage by stage, starting from an initial state with
an empty schedule. At each stage α−1 we consider each state u and generate only
valid successors of u in stage α. Once a successor v is generated by appending
a task, the algorithm checks whether the state has already been created, and if
not it appends v to the list of states of stage α. The instance is feasible if and
only if there is a valid state of stage n.

We now analyze the complexity of the graph construction. The detailed anal-
ysis can be found in Appendix C. We choose here to describe the core of the
proof, which shows that the number of valid states is FPT.

Lemma 5.
∑

1≤α≤n |Nα| ≤ [2µ+ σ + 1] · n.

Proof. We show that each task appears in at most 2µ+ 1 + σ stages. We do so
by bounding the indices α where a task j can appear in Nα.

– Lower bound: let Yj be the set of tasks with a deadline not greater than
r(j). Then in any feasible schedule all these tasks must be scheduled before
j. This means that α must be greater than |Yj |.

– Upper bound: let i be a task scheduled before j in some feasible schedule.
Then i must be completed before the latest starting time of j, which is
bounded by r(j) + σ. Now, if i 6∈ Yj then d̄(i) must be greater than r(j).
This means that the availability window of task i intersects with time interval
[r(j), r(j) + σ) of length σ. By Lemma 10 (see Appendix C.1) the number
of such task i not included in Yj is bounded by 2µ+ σ. Thus in any feasible
schedule task j must appear in a stage α lower or equal to |Yj |+2µ+σ+1.

Hence a task j can appear in at most 2µ+ σ + 1 different stages α. This means
that each task is included in at most 2µ+ σ + 1 different sets Nα. This bounds
the sum of their sizes by the wanted value. ut
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Then we use Lemma 5 to bound the total number of states:

Proposition 2. The number of valid states of stage α satisfies:

|Vα| ≤ |Nα| · f(σ, `max)

where f(σ, `max) = (σ+1) ·22σ+1 · (`max+1)4σ+`max . The total number of states
is bounded by (5σ + 1) · f(σ, `max) · n.

Proof. First we prove the first part of the proposition part by part:

(a) By definition of Nα the number of possible tasks j(u) of a state u of stage
α is bounded by |Nα|.

(b) For a given j(u), by definition of slack σ there are at most σ + 1 possible
completion times for j(u).

(c) If a job i is in A(u), it was scheduled before j(u) but could complete after
c(u). Then time slot c(u) is part of the interval of i. By the definition of
pathwidth µ there can only be at most µ+ 1 of such jobs. This bounds the
number of possible sets by 2µ+1.

(d) A partial schedule of length `max is stored. Thus once c(u) is set (from parts
(a) and (b)), by Lemma 10 (see Appendix C.1) there are at most 2µ+ `max

different tasks which can appear in these partial schedules. For each of these
tasks there are at most `max + 1 choices: either not be part of the partial
schedule or have its completion time at one of the `max times in this interval.
Thus the number of such partial schedules is bounded by (`max+1)2µ+`max .

Now if we add them up with all stages α, we get the same expression, except
with (

∑
1≤α≤n |Nα|) as a factor instead of |Nα|. By Lemma 5 this sum is bounded

by (2µ+ σ+ 1) · n. Thus the total number of states is bounded by [2µ+ σ+ 1] ·
(σ + 1) · 2µ+1 · (`max + 1)2µ+`max · n. Finally applying Theorem 1 to the three
occurrences of µ in this expression achieves the proof. ut

Finally we prove in Lemma 11 (see Appendix C.2) that each state has at
most µ + 1 successors and that generating valid successors of a valid state is
FPT . This lead to our main result. The proof is given in Appendix C.3.

Theorem 5. The proposed dynamic programming algorithm is correct and is
FPT with respect to parameters σ and `max. Its complexity is
O(σ6(σ + `max) · (2(`max + 1))`max+6σ · n2).

5 Conclusion

We proved that no matter the delay type, even in the most simple setting, the
single machine scheduling problem with time windows and precedence delays
is para-NP-hard with respect to slack σ and pathwidth µ. When combining
parameters slack σ and maximum precedence delay `max we provided a FPT
algorithm. The complexity of scheduling coupled tasks with parameter `max

alone or general instances with both parameters µ and `max remains open.
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Appendix A Omitted details in Section 3.1

A.1 Full definition of scheduling instance Imin

Definition 3. Scheduling instance Imin contains the following tasks:

– Color choice tasks (C(i), C ′(i)) with i ∈ [0, n)
• C(i) with release date β + 18i+ 6 and a time window of length three.
C ′(i) has the same time window with an offset γ.

– Color choice propagators (Pi,k(b), P
′
i,k(b)) with i ∈ [0, n), k ∈ {0, 1, 2} and

b ∈ [k, 3 + 6m)
• Pi,k(b) with release date b · β+18i+6k+2 and a time window of length

two.
P ′
i,k(b) has the same time window with an offset β − 1.

– Other tasks in color choice segment [0, 3β)
(see Figure 1)
For each i in [0, n):
• two redirection tasks: Ri,0(0) (resp. Ri,1(1)) with release date 18i + 1

(resp. β + 18i+ 1) and a time window of length five.
R′

i,0(0) (resp. R′
i,1(1)) has the same time window with an offset β − 1.

• two fill tasks with a time window of length three: Fi,0(1) (resp. Fi,1(2))
with release date β + 18i+ 1 (resp. 2β + 18i+ 7).
F ′
i,0(1) (resp. F ′

i,1(2)) has the same time window with an offset γ.
• three local connectors: Li,0(0, in) (resp. Li,0(1, bridge), Li,1(2, bridge))

with release date 18i + 1 (resp. β + 18i + 4, 2β + 18i + 10) and a time
window of length two (resp. three, five).
L′
i,0(0, in) (resp. L′

i,0(1, bridge), L′
i,1(2, bridge)) has the same time win-

dow with an offset γ.
• four fill tasks with a time window of length one: fi,0(1, 5) (resp. fi,1(2, 5),
fi,2(2, 0), fi,2(2, 1)) with release date β + 18i + 5 (resp. 2β + 18i + 11,
2β + 18i+ 12, 2β + 18i+ 13)
f ′
i,0(1, 5) (resp. f ′

i,1(2, 5), f ′
i,2(2, 0), f ′

i,2(2, 1)) has the same time window
with an offset γ.

– Other tasks in edge check segment [3β, (3 + 6m)β)
(see Figure 2)
For each couple (ej , k) in E × {0, 1, 2} with ej = {i1, i2}, i1 < i2:
• In subsection (i1, k):

∗ one local connector Li1,k(bj,k, bridge) with release date bj,k ·β+18i1+
6k + 3 and a time window of length four.
L′
i1,k

(bj,k, bridge) has the same time window with an offset γ.
∗ two fill tasks with a time window of length one: fi1,k(bj,k, 4) (resp.

fi1,k(bj,k, 5)) with release date bj,k · β+18i1 +6k+4 (resp. bj,k · β+
18i1 + 6k + 5).
f ′
i1,k

(bj,k, 4) (resp. f ′
i1,k

(bj,k, 5)) has the same time window with an
offset γ.

• In the 3(i2 − i1)− 1 subsections (i′, k′) between (i1, k) and (i2, k):
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∗ two local connectors: Li′,k′(bj,k, in) (resp. Li′,k′(bj,k, bridge)) with
release date bj,k · β + 18i′ + 6k′ (resp. bj,k · β + 18i′ + 6k′ + 4) and a
time window of length five (resp. three).
L′
i′,k′(bj,k, in) (resp. L′

i′,k′(bj,k, bridge)) has the same time window
with an offset γ.

∗ one fill task with a time window of length three: Fi′,k′(bj,k) with
release date bj,k · β + 18i′ + 6k′ + 1.
F ′
i′,k′(bj,k) has the same time window with an offset γ.

∗ one fill task with a time window of length one: fi′,k′(bj,k, 5) with
release date bj,k · β + 18i′ + 6k′ + 5.
f ′
i′,k′(bj,k, 5) has the same time window with an offset γ.

• In subsection (i2, k):
∗ a redirection task Ri2,k(bj,k) with release date bj,k ·β+18i2+6k and

a time window of length five.
R′

i2,k
(bj,k) has the same time window with an offset β − 1.

∗ one fill task with a time window of length three: Fi2,k(bj,k) with release
date bj,k · β + 18i2 + 6k + 1
F ′
i2,k

(bj,k) has the same time window with an offset γ.
Remark 2. Note that all tasks have a time window of length five of less, so we
have slack σ = 4. Plus at any time at most four time windows intersect. It
happens at time units of the form b · β + 18i + 6k + 2 with two color choice
propagators, a fill task of time window length three and either a redirection task
or a local connector. Thus pathwidth µ = 3.

A.2 Proof of Lemma 1

Proof. We check one task at a time following Definition 3.

– Tasks in color choice segment [0, 3β)
(see Figure 1)
For each i in [0, n):
• Redirection task R′

i,0(0)
It has release date β + 18i and a time window of length five. The three
tasks Fi,0(1), P ′

i,0(0) and Pi,0(1) must be scheduled within interval [β +
18i+ 1, β + 18i+ 4) so only time slots β + 18i and β + 18i+ 4 are left.

• Redirection task R′
i,1(1)

It has release date resp. 2β + 18i and a time window of length five. The
three tasks Fi,1(2), P ′

i,1(1) and Pi,1(2) must be scheduled within interval
[2β + 18i+ 1, 2β + 18i+ 4) so only time slots 2β + 18i and 2β + 18i+ 4
are left.

• Local connector Li,0(0, in)
It has release date 18i+ 1 and already a time window of length two, so
nothing to be done here.

• Local connector Li,0(1, bridge)
It has release date β + 18i + 4 and a time window of length three. One
task f ′

i,0(1, 5) must be scheduled at time β + 18i + 5 so only time slots
β + 18i+ 4 and β + 18i+ 6 are left.
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• Local connector Li,1(2, bridge)

It has release date 2β+18i+10 and a time window of length five. Three
fill tasks fi,1(2, 5), fi,2(2, 0) and fi,2(2, 1)) must be scheduled at time
slots 2β + 18i + 11, 2β + 18i + 12 and 2β + 18i + 13 so only time slots
2β + 18i+ 10 and 2β + 18i+ 14 are left.

– Tasks in edge check segment [3β, (3 + 6m)β)

(see Figure 2)
For each couple (ej , k) in E × {0, 1, 2} with ej = {i1, i2}, i1 < i2:
• In subsection (i1, k):

∗ Local connector Li1,k(bj,k, bridge)
It has release date bj,k ·β+18i1+6k+3 and a time window of length
four. The two tasks fi1,k(bj,k, 4) and fi1,k(bj,k, 5) must be scheduled
at time slots bj,k ·β+18i1+6k+4 and bj,k ·β+18i1+6k+5 so only
time slots bj,k · β +18i1 +6k+3 and bj,k · β +18i1 +6k+6 are left.

• In the 3(i2 − i1)− 1 subsections (i′, k′) between (i1, k) and (i2, k):
∗ Local connector Li′,k′(bj,k, in)

It has release date bj,k · β + 18i′ + 6k′ and a time window of length
five. Fill task Fi′,k′(bj,k) and two color choice propagators must be
scheduled within interval [bj,k ·β+18i′+6k′+1, bj,k ·β+18i′+6k′+4)
so only time slots bj,k · β + 18i′ + 6k′ and bj,k · β + 18i′ + 6k′ + 4 are
left.

∗ Local connector Li′,k′(bj,k, bridge)
It has release date bj,k ·β+18i′+6k′+4 and a time window of length
three. Task fi′,k′(bj,k, 5) must be scheduled at time bj,k·β+18i′+6k′+
5 so only time slots bj,k ·β+18i′+6k′+4 and bj,k ·β+18i′+6(k′+1)
are left.

• In subsection (i2, k):
∗ Redirection task Ri2,k(bj,k)

It has release date bj,k ·β+18i2+6k and a time window of length five.
Task R′

i2,k
(bj,k) and two color choice propagators must be scheduled

within interval [bj,k ·β+18i2+6k+1, bj,k ·β+18i2+6k+4) so only
time slots bj,k · β +18i2 +6k and bj,k · β +18i2 +6k+4 are left. ut

A.3 Full proof of Lemma 4

Proof. Consider a feasible schedule. By contradiction suppose that both tasks
Pi1,k(k) and Pi2,k(k) are scheduled at their release date plus one. By Lemma 3
both tasks Pi1,k(bj,k) and Pi2,k(bj,k + 1) must also be scheduled at their release
date plus one. We show that when task Pi1,k(bj,k) is scheduled at its release date
plus one then time r(Pi2,k(bj,k + 1)) + 1 is blocked.

First we prove by induction on subsection (i′, k′) between (i1, k) and (i2, k)
that in segment [bj,k ·β, (bj,k +1) ·β) all local connectors from subsection (i′, k′)
must be scheduled at their deadline minus one. See Figure 2 to visualize the
local connecting process.
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– Initialization: r(Pi1,k(bj,k)) + 1 corresponds to the release date of local con-
nector Li1,k(bj,k, bridge). Thus by Lemma 1 only its deadline minus one is
left.

– Induction step: let (i′, k′) be a subsection between (i1, k) and (i2, k). Suppose
that the result holds in the previous subsection. Then by the induction hy-
pothesis the bridge local connector from that subsection must be scheduled
at its deadline minus one. The time slot is bj,k · β + 18i′ + 6k′ which corre-
sponds to the release date of local connector Li′,k′(bj,k, in). Thus by Lemma
1 only its deadline minus one is left. The time slot is bj,k · β + 18i′ + 6k′ + 4
which corresponds to the release date of local connector Li′,k′(bj,k, bridge).
Thus by Lemma 1 only its deadline minus one is left.

This concludes the induction and shows that the bridge local connector be-
tween (i2, k) and its previous subsection must be scheduled at its deadline minus
one. The time slot is bj,k · β + 18i2 + 6k which corresponds to the release date
of redirection task Ri2,k(bj,k). Thus by Lemma 1 this only leaves its deadline
minus one. Then by the minimum delay of length β−2 starting from Ri2,k(bj,k),
redirection task R′

i2,k
(bj,k) must also be scheduled at its deadline minus one. The

time slot is (bj,k+1) ·β+18i2+6k+3 which corresponds to r(Pi2,k(bj,k+1))+1.
Thus both tasks R′

i2,k
(bj,k) and Pi2,k(bj,k + 1) must be scheduled at time

r(Pi2,k(bj,k + 1)) + 1. However this is a single machine instance, which leads
to a contradiction. This means that in any feasible schedule either Pi1,k(k) or
Pi2,k(k) is not scheduled at their release date plus one. ut

A.4 Proof of Proposition 1

Proof.

( ⇐= ) Suppose there exists a feasible schedule for instance Imin. Let s be
the starting times of such a schedule. We propose a 3-coloring candidate
(c(i))0≤i<n based on the starting times of color choice tasks C(i). For i in
[0, n) if s(C(i)) is equal to:
• r(C(i)) then we set c(i) = 0,
• r(C(i)) + 1 then we set c(i) = 2,
• r(C(i)) + 2 then we set c(i) = 1.

We pretend that (c(i))0≤i<n is a valid 3-coloring of graph G. By contradiction
suppose that it is not a valid 3-coloring. Then there is an edge ej = {i1, i2}
such that c(i1) = c(i2) = k with k a color in {0, 1, 2}. Say we have i1 < i2
without loss of generality. Then by Lemma 2 both color choice propagators
Pi1,k(k) and Pi2,k(k) must be scheduled at their release date plus one. This
contradicts with Lemma 4 where it was proved that this should not happen
in a feasible schedule.
( =⇒ ) Suppose there exists a 3-coloring (c(i))0≤i<n for graph G. We propose
the following schedule s based on this 3-coloring:
• For i ∈ [0, n) color choice task C(i) is scheduled at time:

∗ β + 18i+ 6 if c(i) = 0,
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∗ β + 18i+ 8 if c(i) = 1,
∗ β + 18i+ 7 if c(i) = 2,

The other end C ′(i) is scheduled γ time units later.
• Let i ∈ [0, n), k ∈ {0, 1, 2}. For all b ∈ [k, 3+6m) color choice propagators
Pi,k(b) and P ′

i,k(b) are scheduled at:
∗ their release date plus one if c(i) = k,
∗ their release date otherwise.

• Other tasks in color choice segment [0, 3β)
For each i in [0, n):

∗ Local connector Li,0(1, bridge) (resp. fill task Fi,0(1), redirection task
Ri,0(0)) is scheduled at its release date if c(i) = 0 and at its deadline
minus one otherwise.
The other end L′

i,0(1, bridge) (resp. F ′
i,0(1), R′

i,0(0)) is scheduled γ
(resp. γ, β − 1) time units later.

∗ Local connector Li,0(0, in) is scheduled at its deadline minus one if
c(i) = 0 and at its release date otherwise.
The other end L′

i,0(0, in) is scheduled γ time units later.
∗ Fill task fi,0(1, 5) is scheduled at its only available time slot.

The other end f ′
i,0(1, 5) is scheduled γ time units later.

∗ Fill task Fi,1(2) is scheduled at its release date if c(i) = 1 and at its
deadline minus one otherwise.
The other end F ′

i,1(2) is scheduled γ time units later.
∗ Redirection task Ri,1(1) (resp. local connector Li,1(2, bridge)) is sched-

uled at its deadline minus one if c(i) = 2 and at its release date
otherwise.
The other end R′

i,1(1) (resp. L′
i,1(2, bridge)) is scheduled β−1 (resp.

γ) time units later.
∗ Fill task fi,1(2, 5) (resp. fi,2(2, 0), fi,2(2, 1)) is scheduled at its only

available time slot.
The other end f ′

i,1(2, 5) (resp. f ′
i,2(2, 0), f ′

i,2(2, 1)) is scheduled γ time
units later.

• Other tasks in edge check segment [3β, (3 + 6m)β)
For each couple (ej , k) in E × {0, 1, 2} with ej = {i1, i2}, i1 < i2:

∗ In subsection (i1, k):
· Local connector Li1,k(bj,k, bridge) is scheduled at its deadline

minus one if c(i1) = k and at its release date otherwise.
The other end L′

i1,k
(bj,k, bridge) is scheduled γ time units later.

· Fill task fi1,k(bj,k, 4) (resp. fi1,k(bj,k, 5)) is scheduled at its only
available time slot.
The other end f ′

i1,k
(bj,k, 4) (resp. f ′

i1,k
(bj,k, 5)) is scheduled γ

time units later.
∗ In the 3(i2 − i1)− 1 subsections (i′, k′) between (i1, k) and (i2, k):

· Local connector Li′,k′(bj,k, in) (resp. fill task Fi′,k′(bj,k), local
connector Li′,k′(bj,k, bridge)) is scheduled at its deadline minus
one if c(i1) = k and at its release date otherwise.
The other end L′

i′,k′(bj,k, in) (resp. F ′
i′,k′(bj,k), L′

i′,k′(bj,k, bridge))
is scheduled γ time units later.
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· Fill task fi′,k′(bj,k, 5) is scheduled at its only available time slot.
The other end f ′

i′,k′(bj,k, 5) is scheduled γ time units later.
∗ In subsection (i2, k):

· Redirection task Ri2,k(bj,k) (resp. Fi2,k(bj,k)) is scheduled at its
deadline minus one if c(i1) = k and at its release date otherwise.
The other end R′

i2,k
(bj,k) (resp. F ′

i2,k
(bj,k)) is scheduled β − 1

(resp. γ) time units later.
We show that schedule s is feasible. Note that color choice propagators do
not interfere with each other. The time windows of propagators related to
different couples (i, k) are disjoint, and the propagators related to a common
couple (i, k) are all scheduled the same way in schedule s: at their release
date plus one if c(i) = k, and at their release date otherwise. Each propagator
has its own release date, so there is no conflict between them.
Moreover the garage space is a replica of the working space with an offset γ
but with strictly less tasks - no color choice propagators and redirection tasks.
So only the working space needs to be considered. We check all subsections
of length six where a task C(i), Ri,k(b), R′

i,k(b), Li,k(b, in), Li,k(b, bridge),
Fi,k(b) or fi,k(b, q) appears.
First we consider color choice segment [0, 3β) (see Figure 1). Let i ∈ [0, n).
• Subsection [18i, 18i+ 6)

∗ Case c(i) = 0
Redirection task Ri,0(0) is scheduled at its release date 18i+1 while
local connector Li,0(0, in) (resp. propagator Pi,0(0)) is scheduled at
time 18i+ 2 (resp. 18i+ 3). No conflicts here.

∗ Case c(i) 6= 0
Redirection task Ri,0(0) is scheduled at its deadline minus one 18i+5
while local connector Li,0(0, in) (resp. propagator Pi,0(0)) is sched-
uled at time 18i+ 1 (resp. 18i+ 2). No conflicts here either.

• Subsection [β + 18i, β + 18i+ 6)
∗ Case c(i) = 0

According to Definition 3 we have:
· s(R′

i,0(0)) = β + 18i,
· s(Fi,0(1)) = β + 18i+ 1,
· s(P ′

i,0(0)) = β + 18i+ 2,
· s(Pi,0(1)) = β + 18i+ 3,
· s(Li,0(1, bridge)) = β + 18i+ 4,
· s(fi,0(1, 5)) = β + 18i+ 5.

∗ Case c(i) 6= 0
According to Definition 3 we have:
· s(P ′

i,0(0)) = β + 18i+ 1,
· s(Pi,0(1)) = β + 18i+ 2,
· s(Fi,0(1)) = β + 18i+ 3,
· s(R′

i,0(0)) = β + 18i+ 4,
· s(fi,0(1, 5)) = β + 18i+ 5.
· s(Li,0(1, bridge)) = β + 18i+ 6,

No conflicts in either case.
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• Subsection [β + 18i+ 6, β + 18i+ 12)
∗ Case c(i) = 0

According to Definition 3 we have:
· s(Li,0(1, bridge)) = β + 18i+ 4,
· s(C(i)) = β + 18i+ 6,
· s(Ri,1(1)) = β + 18i+ 7,
· s(Pi,1(1)) = β + 18i+ 8.

∗ Case c(i) = 2
According to Definition 3 we have:
· s(Li,0(1, bridge)) = β + 18i+ 6,
· s(C(i)) = β + 18i+ 7,
· s(Pi,1(1)) = β + 18i+ 8,
· s(Ri,1(1)) = β + 18i+ 11.

∗ Case c(i) = 1
According to Definition 3 we have:
· s(Li,0(1, bridge)) = β + 18i+ 6,
· s(Ri,1(1)) = β + 18i+ 7,
· s(C(i)) = β + 18i+ 8,
· s(Pi,1(1)) = β + 18i+ 9.

No conflicts in either case.
• Subsection [2β + 18i+ 6, 2β + 18i+ 12)

∗ Case c(i) = 0
According to Definition 3 we have:
· s(R′

i,1(1)) = 2β + 18i+ 6,
· s(P ′

i,1(1)) = 2β + 18i+ 7,
· s(Pi,1(2)) = 2β + 18i+ 8,
· s(Fi,1(2)) = 2β + 18i+ 9,
· s(Li,1(2, bridge)) = 2β + 18i+ 10,
· s(fi,1(2, 5)) = 2β + 18i+ 11.

∗ Case c(i) = 1
The three following tasks trade places compared to the previous case:
· s(Fi,1(2)) = 2β + 18i+ 7,
· s(P ′

i,1(1)) = 2β + 18i+ 8,
· s(Pi,1(2)) = 2β + 18i+ 9.

∗ Case c(i) = 2
According to Definition 3 we have:
· s(Fi,1(2)) = 2β + 18i+ 7,
· s(P ′

i,1(1)) = 2β + 18i+ 8,
· s(Pi,1(2)) = 2β + 18i+ 9,
· s(R′

i,1(1)) = 2β + 18i+ 10,
· s(fi,1(2, 5)) = 2β + 18i+ 11,
· s(Li,1(2, bridge)) = 2β + 18i+ 14.

No conflicts in either case.
• Subsection [2β + 18i+ 12, 2β + 18(i+ 1))

∗ Case c(i) = 2
According to Definition 3 we have:
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· s(fi,2(2, 0)) = 2β + 18i+ 12,
· s(fi,2(2, 1)) = 2β + 18i+ 13,
· s(Li,1(2, bridge)) = 2β + 18i+ 14,
· s(Pi,2(2)) = 2β + 18i+ 15.

∗ Case c(i) 6= 2
According to Definition 3 we have:
· s(Li,1(2, bridge)) = 2β + 18i+ 10,
· s(fi,2(2, 0)) = 2β + 18i+ 12,
· s(fi,2(2, 1)) = 2β + 18i+ 13,
· s(Pi,2(2)) = 2β + 18i+ 14.

No conflicts in either case.
Thus no conflict emerges in the color choice segment. Now we consider edge
check segment [3β, (3 + 6m)β) (see Figure 2). Let ej = {i1, i2} in E with
i1 < i2.
• Subsection [bj,k · β + 18i1 + 6k, bj,k · β + 18i1 + 6k + 6)

∗ Case c(i1) = k
According to Definition 3 we have:
· s(P ′

i1,k
(bj,k − 1)) = bj,k · β + 18i1 + 6k + 2,

· s(Pi1,k(bj,k)) = bj,k · β + 18i1 + 6k + 3,
· s(fi1,k(bj,k, 4)) = bj,k · β + 18i1 + 6k + 4,
· s(fi1,k(bj,k, 5)) = bj,k · β + 18i1 + 6k + 5,
· s(Li1,k(bj,k, bridge)) = bj,k · β + 18i1 + 6k + 6.

∗ Case c(i1) 6= k
According to Definition 3 we have:
· s(P ′

i1,k
(bj,k − 1)) = bj,k · β + 18i1 + 6k + 1,

· s(Pi1,k(bj,k)) = bj,k · β + 18i1 + 6k + 2,
· s(Li1,k(bj,k, bridge)) = bj,k · β + 18i1 + 6k + 3,
· s(fi1,k(bj,k, 4)) = bj,k · β + 18i1 + 6k + 4,
· s(fi1,k(bj,k, 5)) = bj,k · β + 18i1 + 6k + 5.

No conflicts in either case.
• Subsection [bj,k · β + 18i′ + 6k′, bj,k · β + 18i′ + 6k′ + 6) with (i′, k′) in

between (i1, k) and (i2, k)
The scheduling of tasks P ′

i′,k′(bj,k − 1)), Pi′,k′(bj,k)) and Fi′,k′(bj,k) only
depend on whether c(i′) = k′ or not. If not, then these tasks are scheduled
in this order within time segment [bj,k ·β+18i′+6k′+1, bj,k ·β+18i′+
6k′+4). If we do have c(i′) = k′ then Fi′,k′(bj,k) is scheduled first followed
by P ′

i′,k′(bj,k − 1)) then Pi′,k′(bj,k)).
Now we take a look at the four remaining tasks (which are never sched-
uled in this previous time interval of length three). Let (i′prev, k

′
prev) be

the couple right before (i′, k′) (either (i′ − 1, 2) if k = 0 or (i′, k′ − 1)
otherwise).

∗ Case c(i1) = k
According to Definition 3 we have:
· s(Li′prev,k

′
prev

(bj,k, bridge)) = bj,k · β + 18i′ + 6k′,
· s(Li′,k′(bj,k, in)) = bj,k · β + 18i′ + 6k′ + 4,
· s(fi′,k′(bj,k, 5)) = bj,k · β + 18i′ + 6k′ + 5,
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· s(Li′,k′(bj,k, bridge)) = bj,k · β + 18i′ + 6k′ + 6.
∗ Case c(i1) 6= k

According to Definition 3 we have:
· s(Li′prev,k

′
prev

(bj,k, bridge)) < bj,k · β + 18i′ + 6k′,
· s(Li′,k′(bj,k, in)) = bj,k · β + 18i′ + 6k′,
· s(Li′,k′(bj,k, bridge)) = bj,k · β + 18i′ + 6k′ + 4,
· s(fi′,k′(bj,k, 5)) = bj,k · β + 18i′ + 6k′ + 5.

No conflicts in either case.
• Subsection [bj,k · β + 18i2 + 6k, bj,k · β + 18i2 + 6k + 6)

Again the scheduling of tasks P ′
i2,k

(bj,k − 1)), Pi2,k(bj,k)) and Fi2,k(bj,k)
only depend on whether c(i2) = k′ or not. If not, then these tasks are
scheduled in this order within time segment [bj,k ·β+18i2+6k+1, bj,k ·
β + 18i2 + 6k + 4). If we do have c(i2) = k′ then Fi2,k(bj,k) is scheduled
first followed by P ′

i2,k
(bj,k − 1)) then Pi2,k(bj,k)).

Now we take a look at the two remaining tasks (which are never sched-
uled in this previous time interval of length three). Let (i2,prev, kprev) be
the couple right before (i2, k) (either (i2 − 1, 2) if k = 0 or (i2, k − 1)
otherwise).

∗ Case c(i1) = k
According to Definition 3 we have:
· s(Li2,prev,kprev (bj,k, bridge)) = bj,k · β + 18i2 + 6k,
· s(Ri2,k(bj,k)) = bj,k · β + 18i2 + 6k + 4.

∗ Case c(i1) 6= k
According to Definition 3 we have:
· s(Li2,prev,kprev

(bj,k, bridge)) < bj,k · β + 18i2 + 6k,
· s(Ri2,k(bj,k)) = bj,k · β + 18i2 + 6k.

No conflicts in either case.
• Subsection [(bj,k + 1) · β + 18i2 + 6k, (bj,k + 1) · β + 18i2 + 6k + 6)

∗ Case c(i1) = k
(c(i))0≤i<n is a 3-coloring. Since c(i1) = k and ej = {i1, i2} is an
edge in E, this means that c(i2) 6= k. Then according to Definition
3 we have:
· s(P ′

i2,k
(bj,k)) = (bj,k · β + 18i2 + 6k + 1,

· s(Pi2,k(bj,k + 1)) = bj,k · β + 18i2 + 6k + 2,
· s(R′

i2,k
(bj,k, in)) = bj,k · β + 18i2 + 6k + 3.

∗ Case c(i1) 6= k
Task R′

i2,k
(bj,k, in) is scheduled at its release date which is located

before this subsection. So only propagators P ′
i2,k

(bj,k) and Pi2,k(bj,k+
1) are left. And we already established that they do not interfere with
each other.

No conflicts in either case.
Thus no conflict emerges in the edge check segment either. The only segment
left is [(3 + 6m)β, (3 + 6m + 1)β). The only tasks there are propagators
P ′
i,k(3 + 6m) with (i, k) ∈ [0, n)×{0, 1, 2}. Their times windows are disjoint

so no conflict emerges in this segment either. All tasks in Imin were scheduled
with no conflict anywhere. Hence schedule s is feasible. ut
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Appendix B Full reduction from Section 3.2

Let β = 36n and γ = 18n. We define a scheduling instance Imax of
1|(1, `max, 1), rj , d̄j |? with a maximum delay ` = β in all coupled tasks.

Definition 4. Scheduling instance Imax contains the following tasks:

– Color choice tasks (C(i), C ′(i)) with i ∈ [0, n)
• C(i) with release date β + 18i+ 9 and a time window of length three.
C ′(i) has the same time window with an offset γ.

– Color choice propagators (Pi,k(b), P
′
i,k(b)) with i ∈ [0, n), k ∈ {0, 1, 2} and

b ∈ [2− k, 3 + 6m)
• Pi,k(b) with release date b · β+18i+6k+2 and a time window of length

two.
P ′
i,k(b) has the same time window with an offset β + 1.

– Other tasks in color choice segment [0, 3β)
(see Figure 3)
For each i in [0, n):
• two redirection tasks: Ri,2(0) (resp. Ri,1(1)) with release date 18i + 12

(resp. β + 18i+ 6) and a time window of length five.
R′

i,2(0) (resp. R′
i,1(1)) has the same time window with an offset β + 1.

• two fill tasks with a time window of length three: Fi,2(1) (resp. Fi,1(2))
with release date β + 18i+ 14 (resp. 2β + 18i+ 8).
F ′
i,2(1) (resp. F ′

i,1(2)) has the same time window with an offset γ.
• three local connectors: Li,2(0, in) (resp. Li,1(1, bridge), Li,0(2, bridge))

with release date 18i+ 15 (resp. β + 18i+ 11, 2β + 18i+ 3) and a time
window of length two (resp. three, five).
L′
i,2(0, in) (resp. L′

i,1(1, bridge), L′
i,0(2, bridge)) has the same time win-

dow with an offset γ.
• four fill tasks with a time window of length one: fi,2(1, 5) (resp. fi,0(2, 4),
fi,0(2, 5), fi,1(2, 0)) with release date β + 18i + 12 (resp. 2β + 18i + 4,
2β + 18i+ 5, 2β + 18i+ 6)
f ′
i,2(1, 5) (resp. f ′

i,0(2, 4), f ′
i,0(2, 5), f ′

i,1(2, 0)) has the same time window
with an offset γ.

– Other tasks in edge check segment [3β, (3 + 6m)β)
(see Figure 4)
For each couple (ej , k) in E × {0, 1, 2} with ej = {i1, i2}, i1 < i2:
• In subsection (i1, k):

∗ a redirection task Ri1,k(bj,k) with release date bj,k · β +18i1 +6k+1
and a time window of length five.
R′

i1,k
(bj,k) has the same time window with an offset β + 1.

∗ one fill task with a time window of length three: Fi1,k(bj,k) with release
date bj,k · β + 18i1 + 6k + 2.
F ′
i1,k

(bj,k) has the same time window with an offset γ.
∗ one local connector Li1,k(bj,k, bridge) with release date bj,k ·β+18i1+

6k + 5 and a time window of length three.
L′
i1,k

(bj,k, bridge) has the same time window with an offset γ.
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Fig. 3. The part of the color choice segment corresponding to node i in the reduction
with maximum delays. In the case of color choice tasks, local connectors and fill tasks
only the first task of the coupled task is shown.

• In the 3(i2 − i1)− 1 subsections (i′, k′) between (i1, k) and (i2, k):
In all these subsections except the one right before (i2, k):
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∗ one fill task with a time window of length one: fi′,k′(bj,k, 0) with
release date bj,k · β + 18i′ + 6k′.
f ′
i′,k′(bj,k, 0) has the same time window with an offset γ.

∗ two local connectors: Li′,k′(bj,k, in) (resp. Li′,k′(bj,k, bridge)) with
release date bj,k · β + 18i′ + 6k′ + 1 (resp. bj,k · β + 18i′ + 6k′ + 5)
and a time window of length five (resp. three).
L′
i′,k′(bj,k, in) (resp. L′

i′,k′(bj,k, bridge)) has the same time window
with an offset γ.

∗ one fill task with a time window of length three: Fi′,k′(bj,k) with
release date bj,k · β + 18i′ + 6k′ + 2.
F ′
i′,k′(bj,k) has the same time window with an offset γ.

In the subsection right before (i2, k):
∗ the same tasks with the same time windows are set, except the bridge

local connector which has a time window of length four instead of
three.

• In subsection (i2, k):
∗ two fill tasks with a time window of length one: fi2,k(bj,k, 0) (resp.

fi2,k(bj,k, 1)) with release date bj,k · β + 18i2 + 6k (resp. bj,k · β +
18i2 + 6k + 1).
f ′
i2,k

(bj,k, 0) (resp. f ′
i2,k

(bj,k, 1)) has the same time window with an
offset γ.

Remark 3. Note that all tasks have a time window of length five of less, so we
have slack σ = 4. Plus at any time at most four time windows intersect. It
happens at time units of the form b · β + 18i + 6k + 3 with two color choice
propagators, a fill task of time window length three and either a redirection task
or a local connector. Thus pathwidth µ = 3.

Lemma 6. Let i ∈ [0, n), k ∈ {0, 1, 2}. In any feasible, the following tasks can
only be scheduled at either their release date or their deadline minus one:

– all local connectors Li,k(b, in) and Li,k(b, bridge),
– redirection tasks R′

i,k(b) in the color choice segment and Ri,k(b) in the edge
check segment.

Proof. (sketch) We check one task at a time the same way as in the proof of
Lemma 1. ut

Lemma 7. Let i ∈ [0, n), k ∈ {0, 1, 2}. In any feasible schedule, if color choice
task C(i) is scheduled at time:

– r(C(i)) then task Pi,1(1) must be scheduled at its release date,
– r(C(i)) + 1 then task Pi,0(2) must be scheduled at its release date,
– r(C(i)) + 2 then task Pi,2(0) must be scheduled at its release date.

Proof. This is similar to the proof of Lemma 2. Let s be the starting time of
C(i).
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Fig. 4. The part of the edge check segment corresponding to (edge, checked color)
couple (ej , k) in the reduction with minimum delays. The middle part describes the
tasks in all subsections (i′, k′) in between subsections (i1, k) and (i2, k) in the same
section of length β. In the case of local connectors and fill tasks only the first task of
the coupled task is shown.

Case s = r(C(i)) is straightforward. C(i) blocks time r(Pi,1(1))+1 thus task
Pi,1(1) must be scheduled at its release date.

If s = r(C(i))+1 then redirection task Ri,1(1) must be scheduled earlier than
its deadline minus one. Then with the maximum delay of length β starting from
this task, the other end R′

i,1(1) must also be scheduled earlier than its deadline
minus one. By Lemma 6 this only leaves time r(R′

i,1(1)). This corresponds to
the deadline minus one of local connector Li,0(2, bridge), which again by Lemma
6 only leaves time r(Li,0(2, bridge)) to schedule this task. This corresponds to
r(Pi,0(2))+1, which forces propagator Pi,0(2) to be scheduled at its release date.
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Finally case s = r(C(i))+2 is proved the same way through tasks Li,1(1, bridge),
R′

i,2(0), Ri,2(0), Li,2(0, in) and two calls from Lemma 1. ut

Lemma 8. Let i ∈ [0, n), k ∈ {0, 1, 2}. In any feasible schedule, if Pi,k(k) is
scheduled at its release date, then for all b ∈ [k, 3+6m) tasks Pi,k(b) and P ′

i,k(b)
must be scheduled at their release date.

Proof. This is similar to the proof of Lemma 3. We prove this lemma by induction
on b. Let b ∈ [2− k, 3 + 6m− 1). Suppose that Pi,k(b) is scheduled at its release
date. Then by the maximum delay of length β the other end P ′

i,k(b) must also
be scheduled at its release date. This corresponds to the release date plus one
of the next propagator Pi,k(b + 1), which in turn must also be scheduled at its
release date. ut

Lemma 9. Let ej = {i1, i2} be an edge in E and k ∈ {0, 1, 2} be a color. In any
feasible schedule, either Pi1,k(k) or Pi2,k(k) must be scheduled at its release date
plus one.

Proof. (sketch) This is similar to the proof of Lemma 4. Consider a feasible sched-
ule. By contradiction suppose that both tasks Pi1,k(k) and Pi2,k(k) are scheduled
at their release date. By Lemma 8 both tasks Pi1,k(bj,k) and Pi2,k(bj,k +1) must
also be scheduled at their release date. We show that when task Pi1,k(bj,k) is
scheduled at its release date then time r(Pi2,k(bj,k + 1)) is blocked, and vice
versa.

This is proved by induction on subsection (i, k) between (i1, k) and (i2, k).
See Figure 4 to visualize the local connecting process. The induction step uses
Lemma 6 the same way as in the proof of Lemma 7: the local connectors succes-
sively block one scheduling option of the adjacent local connector, which forces
it into its second scheduling option. ut

Proposition 3. G is 3-colorable if and only if there exists a feasible schedule
for Imax.

Proof. (sketch) This is proved in the same fashion as Proposition 1. ut

Appendix C Omitted details in Section 4

Let us now analyze the complexity of the construction of the graph, by bounding
the number of nodes and arcs and the construction of successors of a state. We
first assume that a preprocessing is done in O(n · log(n)) that sorts the release
times and deadlines by nondecreasing order and computes for each date the
list of tasks that meet each release time of deadline. We also assume that for
each deadline t, the set of at most µ + 1 tasks that crosses [t − 1, t) has been
pre-processed in O(µ · n).
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C.1 Number of tasks crossing a time interval

We first prove the following lemma which bounds the number of tasks that are
relevant to a time interval in a feasible instance.

Lemma 10. Consider a feasible instance of 1|prec(`i,j), r(j), d̄(j)|?. Given a
time interval of length T , the number of tasks whose availability window intersect
with this interval is bounded by 2µ+ T .

Proof. Let [t, t + T ) be this interval. If T = 1 then the result holds by the
definition of pathwidth µ. Now suppose T ≥ 2. Given a task j whose availability
window [r(j), d̄(j)) intersects [t, t+ T ), at least one time unit in [t, t+ T ) must
be included in [r(j), d̄(j)).

– If time t is included in [r(j), d̄(j)):
by the definition of pathwidth µ the number of such tasks is bounded by
µ+ 1.

– If time t+ T − 1 is included in [r(j), d̄(j)):
by the definition of pathwidth µ the number of such tasks is bounded by
µ+ 1.

– If a time t′ ∈ (t, t+ T − 1) is included in [r(j), d̄(j)):
if time t or time t + T − 1 is also included in [r(j), d̄(j)) then the task was
already counted in one of the previous cases. If not then the whole availability
window of task j must be included in time interval [t+ 1, t+ T − 2]. By the
pigeonhole principle the number of such tasks is bounded by the length of
the interval, which is T − 2.

In total the number of such tasks is bounded by (µ+1)+(µ+1)+(T −2) =
2µ+ T . ut

C.2 Successor generation in details

We show that the outdegree of any node in GI is bounded and establish the
complexity of generating successors of a state.

Lemma 11. If u is a valid state of stage α− 1.

– There are at most µ+1 jobs that can be chosen as j(v) for a valid successor
v of u. The set of these jobs can be computed in O(µ · log(µ)).

– There are at most σ + 1 possible values of c(v) once j(v) is chosen.
– Checking whether the choice (j(v), c(v)) is consistent with time windows and

precedence constraints induced by u and that v is a valid state can be done
in O((`max + σ) log(σ)).

– Comparing v to already created states can be done in O(log(|Vα|))

So, the generation of all valid successors of a valid state u of stage α − 1 is in
O
(
log(|Vα|) · σ2(`max + σ) · log(σ)

)
.
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Proof. Let us consider the least deadline d̄(ĵ) of an unscheduled job ĵ . To com-
pute d̄(ĵ) it is sufficient to search within the sorted deadlines of jobs starting
from the one next to c(u) (which can be stored with u). We can search sequen-
tially the next deadlines from c(u) and for each such task k decide whether it
is unscheduled (checking if r(k) ≥ c(u) (it is unscheduled) or if it is in A(u)).
Checking if a job is in A(u) can be done in O(log(µ)) with appropriate data
structure. At most µ+ 1 jobs will be checked before finding an unscheduled job
if any (since all scheduled jobs have a time window crossing c(u)).

Once ĵ is found, If another candidate i was chosen instead to extend u, then
it would be completed before ĵ in a valid schedule. Thus r(i) < d̄(ĵ). Plus by the
definition of ĵ we also have d̄(ĵ) ≤ d̄(i). This means that time d̄(ĵ)−1 is included
in the availability window of all candidates i. By the definition of pathwidth µ
this bounds the number of candidates to extend u by µ+ 1. Our pre-processing
then gives the set of candidates.

Assume we have chosen a j(v) among these candidates There are then at
most σ + 1 possible completion times for j(v). Let us choose c(v) among these
possibilities. Notice that we can scan the possible interval by storing at each
step the next and previous deadline of c(v). We now have to check several more
points.

1. j(v) is unscheduled. As mentioned previously this costs O(log(µ)).
2. d̄(j(v))− p(j(v)) ≥ max(r(j(v)), c(v)).
3. All jobs i with d̄(i) ≤ c(v) have been scheduled: we just have to check the

deadlines from c(v) by decreasing order to c(u), and check whether all such
jobs i are in A(u). At most µ+1 such jobs have been already scheduled since
then c(u) is in their time window, so the check will take at most O(µlog(µ)).

4. We must check that all predecessors of j(v) have been scheduled. If a pre-
decessor k of j(v) was unscheduled then according to the previous check it
would satisfy d̄(k) > c(v). We can assume that deadlines and release times
are consistent with the precedence constraints with delays. So we would have
r(k) ≤ r(j(v)) < c(v) < d̄(k) ≤ d̄(j(v)). Scanning the deadlines from c(v)
to d̄(j(v)) we can check whether the corresponding jobs are predecessors
(with minimal and exact delays) of j(v) and belong to A(v). according to
Lemma 10 there are at most 2(µ + 1) + σ such tasks. The time complexity
of this check is O((2(µ+ 1) + σ)log(µ)).

5. We must satisfy precedence constraints on j(v). if k is a predecessor with
maximal or exact delay then it should be scheduled in S(u), otherwise the
constraints cannot be satisfied. So we can check for each job in S(u) if it is
a predecessor with maximal or exact delay of j(v) and compare to the total
number of those predecessors. If k is a predecessor with minimum delay of
j(v) which is not scheduled in S(u), it completes before c(u) − `max. Then
k does not impact the starting time of j(v). So we can consider the list of
jobs k in S(u), check (in O(1)) whether k is a predecessor of j and compute
sk = Ck + p(k) + lk,j(v). If the delay is exact we should check whether
c(v) = sk, if the delay is minimum we should have c(v) ≥ sk and if the delay
is maximum c(v) ≤ sk. All this can be checked in O(`max + 1).
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6. Finally, checking whether a state v has already been created suppose that all
states in Vα are stored in an appropriate data structure, using an encoding
of the state. It should be done in O(log(|Vα|)).

Then bounding µ with 2σ using Theorem 1 achieves the proof. ut

C.3 Proof of Theorem 5

Proof. Correctness is ensured by the definition of valid states and by Lemma 11.
Now considering the time complexity, from Proposition 2 we know that |Vα| ≤
|Nα|f(σ, `max). Now the algorithm generates successors of all sates of a stage.
We can then, according to Lemma 11, state that the complexity of the dynamic
programming is in

O

(
σ2 · (`max + σ) · log(σ) ·

n∑
α=1

|Vα−1|log(|Vα|)

)
.

But log(|Vα|) ≤ log(|Nα|) + log(f(σ, `max)). We deduce that

n∑
α=1

|Vα−1|log(|Vα|) ≤

f(σ, `max)

(
n∑

α=1

|Nα−1|log(|Nα|) + log(f(σ, `max))

n∑
α=1

|Nα−1|

)

Now,
∑n

α=1 |Nα−1|log(|Nα|) ≤ (
∑n

α=1 |Nα|)2 And we know from Proposition 2
that this is bounded by (5σ+1)2 ·n2. So we get the overall complexity by setting
h(σ, `max) =(

σ2(`max + σ)log(σ)
)
f(σ, `max)(((5σ + 1)2 + (5σ + 1)log(f(σ, `max))).

Now log(f(σ, `max)) is in O(σ · `max), so that

h(σ, `max) ≤ ∆ · σ6(σ + `max) · (2(`max + 1))`max+6σ

where ∆ is a constant. Notice that the bounding done here is quite raw, since
the aim is not to have the most accurate complexity but only to prove that the
algorithm is FPT. ut
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